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A T(l) THEOREM ON PRODUCT SPACES 

Cn SANDRA POTT AND PACO VILLARROYA 

o . 

£N| , Abstract. We prove a new T(l) theorem for multiparameter singular integral op- 

• erators. 

^ I 1. Introduction 

^ ■ 1.1. Historical introduction. In 1984 G. David and J.L. Journe (see [9]) published 

. their celebrated T(l) theorem, a result that characterizes the L 2 -boundedness of non- 

convolution integral operators with a Calderon-Zygmund kernel. In their theorem, the 
necessary and sufficient conditions for boundedness are expressed by the behaviour 
of the operator when acting over particular families of functions: the membership in 
BMO of properly defined T(l), T*(l) functions and the so-called weak boundedness 
property, which is the validity of L 2 bounds when duality is tested over bump functions 
with the same space localization. 

Since then, many other proofs of this fundamental result in the theory of singular 
integration have appeared, while it has also been extended to a large variety of settings. 
Actually, only one year later Journe [21] established the extension to product spaces 
; when he proved an analogous result of L 2 -boundedness for multiparameter singular 

integrals. These are operators whose class of kernels is homogeneous with respect to 
non-isotropic dilations of the form ps lt ...,s n (xi, • • • , x n ) = (SiXx, . . . , 5 n x n ) for X, G E d< 
and Si > 0, where the number of parameters of the problem coincides with the quantity 
of independent dilations. The simplest examples of such operators are convolution type 
operators like the multiple Hilbert transform defined in M. n by 

i 

H 1 ---H n (f)=p.v.f* 

X\ . . . x n 

or the multiple Riesz transforms defined in niLi °y 

Rh ■ -RjnKJ) ~ J * It— ■ ■ ■ | ]dn+1 ) 

\* L '7l | 

where itj. is the orthogonal projection from M. di into R that "keeps" the jj-coordinate. 
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A direct application of Fubini's theorem shows that the multiple Hilbert transform 
is bounded in all spaces L p (IR n ) for 1 < p < oo. However, the situation is not so 
simple for more general multiparameter singular integrals, especially if they are of 
non-convolution type. These multiparameter operators, even in the simplest cases, are 
very different from their classical counterparts mainly because the singularities of their 
kernels lie not only at the origin as in the case of standard Calderon-Zygmund kernels, 
but instead, they are spread over larger subspaces. For example, in the case of multiple 
Hilbert transform the set of singularities is the union of the coordinate axes X{ = 0. As 
a consequence, these operators are not in general weak type on L 1 (IR n ) and moreover, 
the strong maximal operator does not control their boundedness properties. 

The main motivation to extend the theory of singular integration to operators 
that commute with multiparameter families of dilations comes from their close re- 
lationship with multiplier operators in M n . Namely, in the same way as the clas- 
sical linear Hilbert transform is closely related to the Fourier partial sum operator 
^N(f)(x) = ^2\k\<N f(k)e 2mkx , different multiparameter singular integrals are related 
to different Fourier partial sum operators in several variables. In particular, the rect- 
angular partial sums operator defined in IR n by 

n 

SN l ^ n {f)(x 1 ,...,x n ) = Y, E f(h,-..,k n )e 2mh ^ 

i=i \k s \<N s 

is controlled by the multiple Hilbert transform. In section 3 we apply our main result 
to extend boundedness of product multiplier operators to the non-convolution setting. 

We notice that although multiparametric singular integrals were intensively studied 
more than two decades ago, due to recent developments in Harmonic Analysis this 
issue has experienced in the last years a renewed interest as it can be seen from the 
papers |T], [12], [25], [26], [27] and [29] among others. 

1.2. On Journe's theorem. Journe's result is the first attempt to characterize L 2 
boundedness of non-convolution multiparameter singular integral operators. As stated 
before, many of the classical techniques, like for example a proper Calderon-Zygmund 
decomposition and the control of singular integrals by means of maximal functions, 
are no longer available in the multiparameter setting. So, the method Journe chose 
to overcome this difficulty was the use of vector valued Calderon-Zygmund theory. In 
order to state his theorem in a simplified form, we require some notation. 

Let A be the diagonal in IR 2 and B be a Banach space. A continuous function 
K : M 2 \ A — > B is called a vector valued standard Calderon-Zygmund kernel, if for 
some < 5 < 1 and some constant C > 0, we have 

\\K(x,t)\\ B < C\x-t\- 1 

\\K(x,t)-K(x',t')\\ B < C(\x-x'\ + It-t'lYlx-tl- 1 - 5 

whenever \x — a/\ + \t — t'\ < \x — t\/2. In this context, \K\ usually denotes the best 
constant in both inequalities. 
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Definition 1.1. A continuous linear mapping T from (IR)£g>Qj , ° (IR) into its algebraic 
dual is called a singular integral operator, if there are vector-valued C-Z kernels K 1 , K 2 : 
R 2 \ A C(L 2 (R), L 2 (R)) such that for f u f 2 , g u g 2 G C£°(R) ; we have 

(T(fi ®f 2 ),9i® 92) = [ [ fi(t 1 )g 1 (x 1 )(K\x 1 ,t 1 )f 2 ,g 2 )dt 1 dx 1 

7m 2 Jr 2 

whenever supp f\ n supp g± = 0, and symmetrically for K 2 . 

The definition of the weak boundedness property makes use of the restricted oper- 
ators: given fi, gi G Co°(R) for z = 1,2, let (T*(/<),#) : C °°(M) ->■ Cg°(R)' be defined 
by 

((T\f2),(h)fi,gi) = ((T 2 (A),9i)f2,92) = (T(fi®f 2 ),gi®92) 

Notice that the kernel of T 1 for example is precisely {K l (x\, t 1 )(f 2 ), 92)- 

Then, a singular integral operator T is said to satisfy the weak boundedness property 
if for any bounded subset A of C^°(M) there is a constant C > 0, that may depend on 
A, such that for any /, g G A we have that 

\\(T\f x ,R),g x ,R)\\cz ■= || (T l (f x ,n) , g x ,R)\\L 2 (R)->L 2 (R) + \K l \ < C 

where f X)R {y) = R~ 1,2 f(Rr l (y - x)), and the same for g x>R . 

Finally, also associated with T we can define its partial adjoints as the adjoint 
operators with respect to each variable, that is, the operator given by 

(T x {h®f 2 ), gi ®g 2 ) = (T{ gi ®f 2 ),h®g 2 ) 

and analogously for T 2 . Notice that T 2 = T*. 

With all these definitions we can state Journe's result (see [21]): 

Theorem 1.2. Let T be a singular integral operator on M. x R as described in def- 
inition \T1\ satisfying the weak boundedness property and T(l), T*(l), I\(l), T*(l) G 
BMO prod (lR 2 ). Then T extends boundedly on L 2 (R 2 ). 

We would like to stress here how restrictive these conditions are, in particular the 
definitions of singular integral operator and of the weak boundedness property. When 
written in the language of vector valued Calderon-Zygmund theory they look quite 
simple, but a more detailed description reveals all their complexity. The sufficient 
hypotheses for T to be bounded on L 2 (IR 2 ) are the following ones: 

a) The K % are vector valued C-Z kernels. This condition implies that K x {xx, ti) are 
C-Z operators bounded on L 2 (R) and that, moreover, their C-Z norms defined 
by ll-K^ari^OHcrz := \K l {x x ,tx)\v{R)^L 2 {9,) + I-K^tj satisfy 

WK^xut^Wcz <C\ Xi -Ul' 1 

\\K\xxM) - ^{x'^QWcz < C(|x! - x[\ + \h - t'^Ylx! - hi' 1 - 5 
whenever \x± — x[\ + \ti — t[\ < \x x — £i|/2, and the same for K 2 (x 2 ,t 2 ). 
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b) Weak boundedness property. This condition implies that (T 1 (/ Sj r), g s ^) are 
also C-Z operators bounded on L 2 (IR) and moreover, their C-Z norms defined 
as \\(T 1 (f 3 ,R),gs,R)\\cz ■= UT^fsfi), g s , R )\\ L 2 {R) ^ L 2 {R) + \K 1 \ satisfy 

\\{T\f s ,R),9s, R )\\cz<C 

and the same for T 2 . 

c) T(l),T*(l),f 1 (l),f*(l) G BMO prod (M 2 ), the latter space being much more 
complex that its one variable counterpart. 

So, in order to conclude that the product operator is bounded, Journe's theorem 
assumes that "some parts" of the operator, in particular the vector valued kernels and 
the restricted operators, are known to be bounded a priori. This is quite a different 
situation from the original T(l) theorem in which nothing is assumed to be bounded 
a priori. However, for the same above mentioned reasons, the use of vector valued 
theory was also adopted by other authors in later developments of singular integration 
in product spaces (see [T5], [TB], [T7], [21] and [22]). 

Our purpose in the present paper is to state and prove a new T(l) theorem for 
product spaces in which any hypothesis related to operators which need to be bounded 
a priori disappear. Therefore, we avoid the use of vector valued Calderon-Zygmund 
theory. Instead, we seek other sufficient hypotheses for L 2 -boundedness which are 
much closer to the spirit of the classical T(l) theorem of David and Journe: conditions 
related to scalar decay estimates of the kernel and to the behaviour of the operator 
over special families of functions. To get such new hypotheses, we combine the three 
classical conditions (kernel estimates, weak boundedness condition and T(l) G BMO) 
according to their separate action over different parameters to generate a range of new 
mixed conditions. For example, in the bi-parameter case we consider new properties by 
combining two classical ones, namely kernel decay estimates in one parameter and weak 
boundedness property in the other parameter, to get what we call the mixed "kernel" - 
"weak boundedness" condition. As a result, we obtain nine different conditions that 
cover all possible combinations. This procedure better preserves the symmetry given 
by the product structure of the kernels and therefore, it is better suited for the general 
multi-parameter situation. 

Moreover, in lemma 18.11 we obtain a decomposition of the operators under consid- 
eration which shows that the quantity and the statement of our conditions are the 
right ones in the sense that they entirely describe the boundedness properties of the 
terms of the decomposition. We would like to highlight the role played by some of 
those conditions that give sense to a new class of paraproducts, which do not appear 
in previous developments of the theory. We plan a deeper study of such operators in 
forthcoming papers. 

The main advantage of our approach is that, as we said before, Journe's technique 
needs to assume that the operator when restricted to the one-parameter case is known 
to be bounded a-priori. However, in our approach, we only require the restricted oper- 
ators to be weakly bounded. This might look like a very small gain, specially because, 
since we also demand the restricted operators to satisfy the cancellation conditions, 
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the classical one-parameter theory proves our restricted operators to be also bounded. 
Actually the following bound is known to hold 

Kja-a < C Xi , ti + 111^(1) ||bmo + || ||bmo 

with C Xitti > the constant in the weak boundedness condition satisfied by T l Xi t .. 
And yet, notice that unlike Journe's work which essentially assumes the whole bound 
||^. t J| 2 ^2 < C\xi - we only require C XiM < C\x { - U\~ x . 

Another advantage is that, at least in principle, the result can be applied to a larger 
family of operators since in our hypotheses no operator is ever assumed to be bounded 
a priori. Actually, none of the examples treated in section 3 are under the scope of 
Journe's Theorem. Moreover, those new conditions should, again in principle, be easier 
to test since there is no need to calculate operators norms. 

On the other hand, the price we have to pay for adopting this new point of view 
is a larger number of hypotheses, growing rapidly with the number of parameters. In 
the case of n-parameter operators we have to deal with 3 n hypotheses to ensure that 
the operator is bounded. However, although Journe's Theorem only requires three 
conditions and so its statement remains as concise as in the uni-parameter case, when 
the number of parameters grows, these three hypotheses need to be applied iteratively. 
Then, one might also say that the number of conditions also increases exponentially. 
From this perspective, the vector valued formulation turns out to be a clever way 
to encode the complicated structure of the problem, and when one unfolds all the 
information, the complexity always grows accordingly. 

Finally, it has to be said that either Journe's Theorem and our result exhibit a 
common weak point: the given sufficient conditions for boundedness of product singular 
integrals are not necessary. This was first shown by Journe (see the same paper |21j ) 
when he constructed an example of a bounded operator for which the partial adjoint 
Ti(l) is not in BMO pro d(M 2 ). The problem is that either in his theorem and in ours, 
the stated conditions imply not only boundedness of T but also of T\ (and so in such 
case Ti(l) will have to be in BMO pro d(M 2 )). The underlying reason for this is that 
the partial adjoint of a bounded operator on L 2 (R 2 ) is not necessarily bounded. In 
the language of operator spaces, taking adjoints is not a completely bounded map. In 
fact, the boundedness properties of the so-called mixed multiparameter paraproducts, 
which is a necessary part of any full characterization of boundedness of such product 
singular integrals operators, remain to be completely understood. This is the subject 
of ongoing research. 

The paper is organized as follows. In section [2] we define all the sufficient hypothe- 
ses for L 2 -boundedness of biparameter singular integral operators and state our T(l) 
theorem. We also state without proof the analogous results for multiparameter opera- 
tors in several variables. In section [3] we apply our main result to prove boundedness 
of non-convolution operators previously studied by R. Fefferman and E. Stein in the 
convolution setting. 

We start the proof of our result in section H] by the rigorous definition of the functions 
T(l) and T(0/£g>l). In sectionOwe obtain an appropriate estimate for the rate of decay 
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of the action of the operator over bump functions when special cancellation properties 
are assumed. Sections [6] and [7] focus on the proof of L 2 boundedness and the extension 
to LP spaces respectively, both of them under the special cancellation hypotheses. The 
latter case makes use of new bi-parameter modified square functions whose boundedness 
is a direct consequence of analogous uni-parameter modified square functions. The 
proof of boundedness of these new square functions is provided in an appendix at the 
end of the paper. Finally in section [18] we construct the necessary paraproducts to 
prove the result in the general case, that is, in absence of the cancellation assumptions. 

In a sequel to the present paper, we plan to deal the endpoint case of boundedness 
from L°°(R 2 ) into BMO prod (M 2 ). 

We would like to thank Anthony Carbery and Jim Wright for valuable conversations 
and helpful comments. We would also like to acknowledge the School of Mathematics of 
the University of Edinburgh for the stimulating research environment provided which 
so positively influenced the development of this work. 

2. Definitions and statement of the main theorem 

Definition 2.1. Let A be the diagonal inR 2 . A function K : (R 2 \ A) x (1R 2 \ A) -+ R 
is called a product C alder on- Zygmund kernel, if for some < 5 < 1 and some constant 
C > we have 



whenever 2{\xi — x[\ + \U — t'^) < \xi — U\. 1 1,2 

Remark 2.1. For 5 — 1, the second hypothesis is satisfied if we assume the stronger 
smoothness condition 



\d tl d t2 K{x,t)\ + \d tl d X2 K(x,t)\ + \d xl d t2 K(x,t)\ + \d Xl d X2 K(x,t)\ <C]J \xi-U 



(notice that the derivatives d tl d xl K(x,t) and d t2 d X2 K(x,t) do not appear in this con- 
dition). This is due to the trivial inequality 





\K(x,t) - 


K((x u x' 2 ). 




K((x[,x 2 ). 


(t' 1 ,i 2 )) + K(x / ,t')| 




< 


\K(x,t) - 


K((x 1 ,x 2 ), 




K((xi,x 2 ), 


(t[,t 2 )) + K(x,t')\ 




+ 


\K((x 1 ,x 2 


),(*i,f 2 ))- 


K((xi,x' 2 




K((x 1 ,x 2 ),(t' 1 ,t , 2 )) + K((x u x' 2 ) 


,(t[,t' 2 ))\ 


+ 


\K((xi,X2 


),(*U))- 


K((xi,x 2 


),{AA))- 


ir((x / 1 ,x 2 ),(t' 1 ,t 2 )) + ir((x' 1 ,a; 2 ) 




+ 


\K(x,t') - 


K((x u x' 2 ) 




K((x' 1 ,x 2 ) 


,(t[,t' 2 )) + K(x',t')\ 





Definition 2.2. A bilinear form A : 5(1R 2 ) x 5(1R 2 ) — > C is said to be associated 
with a product C alder on- Zygmund kernel K if it satisfies the following three integral 
representations: 




(|x,-^| + |t t -t;|) 5 

It. _ +.11+5 



1=1,2 
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(1) for all Schwartz functions f,g<E S(M. 2 ) such that /(•, t 2 ),g(-, x 2 ) and f(ti, -),g(xi, •) 
have respectively disjoint supports 

Mf,9)= [ [ f(t)g(x)K(x,t)dtdx 



(2) for all Schwartz functions / 1; f 2 , gi, g 2 G <S(R) snc/i i/iai /1 and gi have disjoint 
supports, we have there is a bilinear form Aj : <S(R) x <S(R) — >■ C 

A(/,<?)= / / fi(ti)gi(x 1 )A 1 tuXl (f 2 ,g 2 )dt 1 dx 1 
Jr 2 Jr 2 

another (2) /or a// Schwartz functions f,g e 5(IR 2 ) suc/i i/ioi f(-,t 2 ),g(-,x 2 ) have disjoint 
supports for all t 2 ,x 2 , there is a bilinear form Aj : <S(R) x <S(R) — >■ C 

A(/, ) = / [ Al xi (f 1 (t 1 ,-),g 1 (x 1 ,-))dt 1 dx 1 
Jr Jr 

(3) analogous representation with A 2 2 . 

Here, we have defined the restricted bilinear forms A 1 , A 2 by 

(A 1 (f 2 ,g 2 )f 1 ,g 1 ) = (A 2 {f 1 ,g 1 )f 2 ,g 2 ) = A(/i <g> / 2 ,£i ® a 2 ), 

and Al x (/ 2 , o 2 ) is a kernel associated to A 1 (/ 2 , o 2 ) in £/ie nsna/ sense in one parameter. 
(NO NEED) 

If the form A is continuous on S(R 2 ) x 5(IR 2 ) ; then it will be called a bilinear 
C alder on- Zygmund form. 

With a small abuse of notation, we will say that a bilinear form is bounded on 
L p {M?) if there is a constant C > such that \A(f,g)\ < C\\f\\ L p^\\g\\ LP i^ for all 

f,geS(R 2 ). 

Given a bilinear form A : 5(IR 2 ) x 5(IR 2 ) — > C, we define associated linear operators 
T, adjoint bilinear forms Aj, and restricted linear forms A*, in the following way: 

Definition 2.3. (Dual operators). Given a bilinear form A, we define linear operators 
T, T* through duality: 

(T(f),g) = (f,T*(g)) = A(f,g) 

Definition 2.4. (Adjoint bilinear forms). We define the adjoint bilinear forms Aj such 
that for f — fi (g) f 2 , g = g\ ® g 2 functions of tensor product type, we have 

Ai(/, g) = A(g l <g) f 2 , fi ® g 2 ), A 2 (f,g) = A(f 1 ®g 2 ,g 1 ®f 2 ) 

and then extended by linearity and continuity. 

These new bilinear forms are also associated with linear operators Ti, T 2 via duality 

(T z (f),g) = (f,T*(g)) = A l (f,g) 

which in the case of tensor products, / = fi <g) / 2 , g — gi <S> <7 2 , satisfy 

(7\(/i(g)/ 2 ),Oi(g)o 2 ) =Ai(/,^) = A(^(8)/ 2 ,/i<8)^ 2 ) = (T(oi(g)/ 2 ),/i(8)^ 2 ) 
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Notice that T 2 = T* and T* = 7\. 

From now we will sometimes write A = A and T associated to A . 

Definition 2.5. (Restricted bilinear forms). As above, we define the restricted bilinear 
forms by 

{A 1 {f 2 ,g 2 )f 1 ,g 1 ) = (A 2 (/i,£i)/ 2 ,# 2 ) =A(fi®f 2 ,gi®g2) 

We will denote by T l the linear operators associated with the restricted bilinear form 
A i through duality, A^fj^j) = (T^), 0j ) . 

We also notice that we use subindexes to denote the partial adjoint operators or 
forms while we use superindexes to denote the restricted ones. 

As mentioned in the introduction, boundedness of the bilinear form A implies bound- 
edness of the dual linear operators T and T*, but it does not imply boundedness of any 
of the adjoint bilinear forms A, nor their corresponding associated adjoint operators 
Tj, T*. In other words, boundedness of A on L 2 (IR 2 ) 

| A(E ® E 9T 1 ® 9T) | < C\\ fi 1 ® JT \\ 2 1| E 9? 1 ® 92 2 

n m n m 



implies boundedness of A 1 only on L 2 (R)(&L 2 

|Ai(E/i m ®/2 n2 >E^ = lY.^T^fTJT^gT 2 ) 

n m n,m 

< cE Ibrii2ii/ 2 n2 ii2ii/rii 2 ib 2 m2 ii2 = cj^Wfi 1 ® /rihE ii^r ® ^ m2 ii 2 

n,m n m 

Definition 2.6. For every interval I C K we denote its centre by c(I) and its length 
by Then, a L 2 (M.) -normalized bump function adapted to I with constant C > and 
order N G N 7 is a Schwartz function such that 

\(p (n \x)\ < C\I\- 1/2 - n (l + l/rV - c(I)\)- N , < n < N 

We will denote the cube in W 1 of measure one centered at the origin as the standard 
cube. A bump function adapted to the standard cube of order N is a Schwartz function 
satisfying 

\d a (p(x)\ < C(l + \x\)~ N , 0<\a\<N 

A bump function <j) is said to be adapted to a box R in M. d , if for any affine linear 
transformation A transforming the standard cube into the box R, the function 

\det(A)\ 1/2 (j)(Ax) 

is a bump function adapted to the standard cube. This definition does not depend on 
the choice of the linear transformation. 

Observe that all these bump functions are normalized to be uniformly bounded in 
L 2 (R d ). The order of the bump functions will always be denoted by N, even though 
its value might change from line to line. It is also worth saying that we usually reserve 
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the greek letter 0, ip for general bump functions while we reserve the use of ip to denote 
bump functions with mean zero. 

Definition 2.7. We say that a bilinear form A satisfies the weak boundedness condi- 
tion, if for any rectangle R and every pair 4>r,<Pr of L 2 -normalized bump functions 
adapted to R with constant C , we have 

\H<f>R,<p R )\<c 

Definition 2.8. We say that a bilinear form A satisfies the mixed weak boundedness- 
Calderon Zygmund condition, if whenever 2(\xi — x' i \ + \t i — t' i \) < \U — Xi\ fori G {1,2}, 
we have 

lAl^j^^KClU-yr 1 
\(Al Xi - A^)(0,, v>j)| < C{\ Xi - x[\ + \U - t[\)% - 

for any interval I and every pair <pi, (pi of L 2 -normalized bump functions adapted to I 
with constant C , 

Obviously, the second condition is implied by the smoothness condition 
\d u A\ t , Xl {h^i)\ + \d Xl A\^i^i)\ < C\U-x t \-^ 

Finally, we notice that, in order to simplify notation, from now being the space 
product BMO, that is, the dual of H 1 ^ 2 ), will be simply denoted by BM0(1R 2 ). 
We can now state our main result, 

Theorem 2.9. (bi-parameter T(l) theorem). Let A be a bilinear C alder on- Zygmund 
form satisfying the mixed WB-CZ conditions. Then, the following are equivalent: 

(1) Aj are bounded bilinear forms on L 2 (IR 2 ) for all i = 0, 1, 2, 

(2) A satisfies the weak boundedness condition and the special cancellation condi- 
tions: 

a) T(l),r*(l),T 1 (l),T*(l) G BMO(M 2 ), 

b) (T(0j®1), </?i®-), (T(l<g>0/), (T*(0/®1), </?/®-), (T*(1®0 7 ), -®(pj) G 
BMO(R) for all 4>i, fi bump functions adapted to I with norms uniformly 
bounded in I . 

We remark that boundedness of those operators and 7} for i ^ j are not equivalent. 
A way to show this is by considering Carleson's example that proves BMO rec (lR 2 ) C 
BM0(1R 2 ). In [2], he described a recursive process to construct a sequence of func- 
tions such that ||6„||BMO rcc (R 2 ) = 1 while \\b n \\ B Mo piod {R 2 ) > C n where (C„) neN was an 
unbounded sequence of positive numbers. Then, we can consider paraproducts associ- 
ated with that sequence of functions 

T n (f)=Y J (bn^ R )(f^ R )i>R 
I 
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in such a way that ||T n || L 2( K 2)_> L 2( K 2) m ||&„||BMO prod (iR 2 ) > C n while \\T*\\ L 2^2^ L 2^ 
||&n||BMO rcc t(iR 2 ) — This shows again that none of the conditions Ti(l) G BMO(IR 2 ), 
T x *(l) G BMO(IR 2 ) are necessary for boundedness of T. 

We end this section by stating the analogous result in the multiparameter case. We 
simplify the notation as much as possible. 

Let m < n and m, . . . , n m such that n = Yh=i n i- Let K '■ YlZi( R2nt \ A ^) ^ K be 
such that 

m 

\K(x,t)\ <CjJ|a; i -t i |- ni 

m 

iv t . ...v tim %i)i<cnix,-t,r M) 

1=1 

where x,, ^ G R"% < 5 < 1. 

Definition 2.10. (Restricted bilinear forms). Let Ni, N2 C {1, . . . , m} snc/i £/ia£ iVi U 
jV 2 = {1, . . . , m} disjointly. Given a bilinear form A, we define the restricted bilinear 
forms by 

(A- Nl (®jeN2fj,®jeN 2 gj) ®ieJVi fi,®iemgi) = A(/,sO 
for f = ^ZLifi, g = <S>™i<7i with fi,gi G 5(1^), and then extended by linearity and 
continuity. 

We will call restricted operators to the linear operators associated with the restricted 
bilinear forms by duality. 

Notice that the kernels of the forms A^ 1 depend on the variables of the functions 

®jeN 2 fji ®jeN 2 gj an d so we can write A^ x . 

Definition 2.11. A bilinear form A : iS(lR ri ) x l S(lR n ) — > C is said to be associated with a 
product C alder on- Zygmund kernel K if it satisfies the following integral representations 

Hf,g)= [ [ f(t)g(x)K(x,t)dxdt 

for all Schwartz functions f,g G 5(lR n ) with disjoint support. 

Definition 2.12. We say that a bilinear form A satisfies the weak boundedness con- 
dition if for any box R C R n and every <Pr,<Pr L 2 (W 1 ) -normalized bump functions 
adapted to R with constant C we have 

Wr,Vr)\<C 

Definition 2.13. Let WB, CZ C {1, . . . , m} such that WBUCZ = {l,...,m} disjointly. 
We say that a bilinear form A satisfies the mixed weak boundedness- C alder on Zygmund 
condition if for any R = YlieWB ^ an( ^ ever y <Arj V.R bump functions L 2 (IR^ewB 
normalized and adapted to R with constant C > 0, we have 

ia^(^,^)i<c n \u- yi \- 1 
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kaS - A^,)fc <p R )\ < c n (i^ - <i + |x 4 - - 

Theorem 2.14. (m-parameter T(l) theorem). Let A be a bilinear C alder on- Zygmund 
form with associated kernel K satisfying the mixed WB-CZ conditions. 
Then, the following are equivalent: 

(1) Aj are bounded bilinear forms on L 2 (M. n ) for all i, 

(2) A satisfies the weak boundedness condition and the following sequence of spe- 
cial cancellation conditions: for every k G {n^ni + n 2 , . . . ,n} and all bump 
functions (pR^ip^ G 5(M ni ) both adapted to Ri C M. ni we have 

(T(l ® . . . ® 1 (8) ^-fc), 6 BMO(M fc ) 

where $ R n-k = (p Rl <g) . . . ® 0/? n „ fc and <3> R n-fc = g) . . . <g> <PR n _ k norms 
uniformly bounded when varying over the boxes R n - k = U™=i R i- 

The same condition applies for all possible permutations of the entries in 
1 (g> . . . <8> 1 <8> (j} Rl <E> • • • <E> 0i?,„_ fe (i n total ( " . ) 2 fe conditions). 

Notice that the stated bi-parameter case corresponds with n = 2, m = 2 and rij = 1 
and therfore fc G {1,2}. 

3. Application 



We give now an example of how our results can be applied to the study of bound- 
edness of operators defined by product kernels. 

In [18], R. Fefferman and E. Stein explain that in some boundary- value problems, in 
particular in the <9-Neumann problem, one faces convolution operators defined in M. n+1 
with kernels like ^ ^ 

Kk{t ' tn+l) = (\t\ 2 + t{ +1 y^ w + n n+l 

with t G M n and t n+1 G K, which are product of two kernels with different types of 
homogeneity. With this motivation in mind they prove the following 

Theorem 3.1. Let K be a kernel defined in W 1 x ]R m by K(t) = K 1 (t)K 2 {t) such that 
Ki is homogeneous of degree —n with respect the family of dilations t — > (St\, S a t2) for 
all 5 > and fixed a > 0, while Ki is homogeneous of degree —m with respect the 
family of dilations t — > (5 b ti, 5t 2 ) for all 5 > and fixed b > 0. 

It is also assumed that Ki(ti,0) has mean zero on the unit sphere ofW 1 , K 2 (0,t2) 
has mean zero on the unit sphere ofW 71 and 



I K(t)dt 

^Ql<|tl|<ft,0 2 <|i2|</92 



< A 



for all < on < Pi. Then, for all 1 < p < oo, 

\\K * f\\LP(R n xM. m ) < C p \\J ||LP(R™xM m ) 

where the constant C p depends on A and p. 



-m— <5 2 
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In their paper, Theorem 13.11 appears as a corollary of the following more general 
result: 

Theorem 3.2. Let K : IR n x IR m — > IR be an integrable function that satisfies 

(1) the kernel conditions: for t = (t\,t 2 ), h = (hi, h 2 ), 

(a) \K(t)\ <^i|-"|t 2 |- m 

(b) \K{t 1 + h 1 ,t 2 ) -K(t)\ < A|/i| 5l |^|- n - 5l |t 2 |- m whenever 2\hi\ < \h\ 

(c) \K(ti,t 2 + h 2 ) - K(t)\ < A\h\ S2 \ti\- n \t 2 \- m - &2 whenever 2\h\ < \t 2 \ 

(d) iKit+hyKiti+h^hyK^h+h^+Kit)] < Aihi^ih^ihi-"- 6 ^ 

whenever 2\hi\ < \ti\, 2\h 2 \ < \t 2 \ 

(2) the cancellation condition: S a <\t \<p- ^-(t)dt < A for all < «j < /?, 

(3) the mixed kernel- cancellation conditions: 

(a) ifKxitx) = f a2<lt2l< p 2 K(tx,t 2 )dt 2 then 

(i) 1^(^)1 <A\h\- n 

(ii) + -iTi(ti)| < Alhl 51 ^- 11 - 51 whenever 2\hi\ < 

(b) similar conditions for K 2 {t 2 ) = $ ai< \ t ^\ < p 1 K($\,'t'i)dt\. 

Then, for all 1 < p < 00, 

11/ * K\\ LP{RnxRm) < A p \\f\\L p (M: n x M m ) 
with A p depending only on A and p. 

It is not difficult to see that that conditions of Theorem 13.21 imply the hypotheses 
of Theorem 12.91 Conditions (1) — a) and (1) — d) imply K is a product Calderon- 
Zygmund standard kernel while (2) implies that the convolution operator T with kernel 
K satisfies weak boundedness condition and T(l), T*(l), Ti(l), T*(l) e BMO(lR n x 
]R m ). On the other hand, the mixed type hypotheses of Theorem 12.91 that is, the 
mixed WB-CZ condition and mixed T(1)-CZ conditions follow from (1) — b), (1) — c); 
and (3) respectively. 

Even more, Theorem 12.91 allow us two extend Theorem 13.21 to the case of non- 
convolution kernels, a result that is stated below. 

Definition 3.3. Let K(x, t) with i,iel"x M. m be an integrable function that satisfies 
(1) the kernel conditions: 

(a) \K(x,t)\ < A|ti|- n |t 2 |- Tn 



(b) \K((x' 1 ,x 2 ),(t' 1 ,t 2 )) -K(x,t)\ < A(\ 
whenever 2(\xi — x[ \ + \t\ — t[\) < \t\ 



1 + 




-A\ 




1 + 


1*2 


-t 2 \ 


) 52 |t!|- n |t 2 |- 



m—82 



whenever 2(\x 2 — x' 2 \ + \t 2 — t' 2 \)\ < \t 2 \ 
(d) \K(x', f) - K((x[,x 2 ), (t[, t 2 )) - K((x u x> 2 ), (t u t' 2 )) + K(x, t) | 
< Adxi-x'^ + Iti-tiD^CI^-a^l + \t 2 - t'^lt^-^lt^- 52 

U-t'i\) < \U\ for i = 1,2 



whenever 2(\x{ — x'^ + 
(2) the cancellation condition 



(3) the mixed kernel- cancellation conditions: 
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(a) ifKi(x,ti) = J a2<lt2l</32 K(x,t l7 t 2 )dt 2 then 

(i) I^Cx.ti)! < A\t X \- n 

(ii) \K 1 ((x f 1 ,x 2 ),f 1 )-K 1 (x,t 1 )\ < A(\ Xl -x[\ + Ih-t'^lhl-^ 
whenever 2(\x\ — x[\ + \t 1 — t[\) < \ti\ 

(b) similar conditions for K 2 (x,t 2 ) = j ai< ^^ </3i K(x,ti,t 2 )dti. 

Definition 3.4. We say that an operator T is associated with K if 

T{f)(x)= [ f{x-t)K(x,t)dt 

JM. n xM. m 

whenever x supp (/). 
Then, we have 

Theorem 3.5. Let T be an operator associated with K satisfying all the conditions of 
definition ^. 31 Then, for all 1 < p < oo, 

\\T(f)\\ LP (M. n xR m ) < ^4p||/|Up(]R™xK m ) 

with A p depending only on A and p. 

Sketch of proof. To give a flavour of the ideas involved in dealing with non con- 
volution kernels in the product seeting, we outline how the hypotheses of Theorem 
13.51 imply the ones in Theorem 12.91 In particular, we partially show how the mixed 
weak boundedness Calderon-Zygmund condition \(T^ ltl ((f>i), ipi) \ < C\x\ — t\\~ n and 
the cancellation property (T((f>i <S> 1), fi <8> •) G BMO(IR) are checked. 

Let J be a fixed interval. We consider <f)j = |/| -1 ^ 2 J2k a kXi k t° be an approximation 
by step functions of a general bump function adapted to /, where the intervals Ik are 
pairwise disjoint and of the same arbitrary small lenght \Ik\ < e. We consider a similar 
description for ipi. Then, 

(Tx ltl ((j)i),tpi) =lim|/| _1 a k bj / Xhi^Xi, (h)K(x, x - t)dt 2 dx 2 

kjez J \^-t 2 \>e 

so we just need to bound 

1-^1 1 a k°jTk,j 

where T k j denotes the integral in the sum, independently of e > and |/|. 
When k = j, 

T k ,k= \ X2 - c (i k )\<\i k \/2 K(x,x-t)dt 2 dx 2 = h X2l<lIkl/2 K(x l) x 2 -c{I k ),x-t)dt 2 dx 2 

J \t 2 -c(I k )\ < |/ fc |/2 J \t 2 \ < |/ fc |/2 

\%2 — *2 | > e \X2 — t'z | > e 

= / / . .._ K{x x ,x 2 - c{I h ),x x -ti,t 2 )dt 2 dx 2 

J IxcoK 141/2 J l^-*2 < |4l/2 



1*2 1 > e 
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/ ( /, K(x u x 2 -c(I k ),x 1 -t u t 2 )dt 2 

J 0<x 2 <\I k \/2 W l^-t2 < 141/2 

1 12 1 > £ 

+ /, ^(^l,-^2-c(4)^l-*l,*2)^2j' 
J | — *2 — *2| < Kfel/2 / 



1*2 1 > e 

1*2] > £ 

By addition and substraction of constants, the terns between brackets in the last ex- 
pression equal 

(1) 



j \X2 -t 2 \ < |4|/2 K { x U x 2-c{Ik),X 1 -t 1 ,t 2 )dt 2 + ^ _ x2 _^ < |4|/2 K(xi, £2-c(4),Xi-ti,t 2 )*2 
|*2|>£ l*2|>£ 

+ J \- X2 - t2 \ < |4|/2 _x 2 ~ c {h),x\ ~ h,h) - K(x 1 ,x 2 - c(I k ),xi - h,t 2 ))dt 2 



1*2 1 > e 

The first two terms can be rewritten with a symmetric domain of integration as 

K(x 1 ,x 2 - c(I k ), xx - ti,t 2 )dt 2 

\x 2 -\I k \/2\ < \t 2 \ < \x 2 + |4I/2| 



+2/ i^(xi,a;2 - c(4),a;i - t 1 ,t 2 )dt 2 

J £ < |*2 1 < 1*2 - I4I/2| 

where the second integral is zero if \x 2 — |Ifc|/2| < e. Then, by the hypothesis 3.a.i) with 
a 2 = \x 2 - |4|/2|, (5 2 = \x 2 + \Ik\/2\ for the first integral and a 2 = e, (5 2 = \x 2 - |4|/2| 
for the second one, we can bound them by 3A|xi — 

Meanwhile, the last term in expression ([1]) can be treated by condition l.c) and 
bounded by 

/, . I . ,r .._ 2\x 2 \ 5 *\x 1 -t 1 \- n \t 2 \- m - 5 *dt 2 < C|x 2 | 52 |x 1 - h\- n 

J | - x 2 - t 2 \ < |4|/2 
|* 2 |>£ 

With both estimates we get 

\x 2 -c(i k) \<\i k \/2 K(x-t)dt 2 dx 2 < / 3A(l + \x 2 \ 52 )\x 1 -t 1 \- n dx 2 

J ifc_rfr,v<'ir,ift J < xi < lit 1/2 



|*2-c(4)| < 141/2 

1*2 — *2| > £ 



< 3A|x! - ^|- n (l + \h\ s )\h\/2 < 3A\ Xl - tiP(l + e)|4|/2 

Finally, since we may assume \bk\ < 1 and J2kez l a fc||^l — C | -^"U we finish this case 
with the following bounds: 

i^r 1 J2 kin^i < c^r 1 Yl kiNc^i - *in/ fe | < ca\ Xi - t u 



fcez fce2 

The case k ^ j is technically more complex since we need to consider several terms 
together in order to get the same kind of symmetry in the domain of integration. 
Despite this, the same type of ideas apply: the kernel decay estimates allow to obtain 
a similar result and prove this way the mixed WB-CZ condition. 



A T(l) THEOREM ON PRODUCT SPACES 15 

On the other hand, let ipj be an atom. Then, 

TO/® iW®^) 

lim lim / / Xxifatyj&^Il' 1 a k bj / / xi k ( x i)Xii(ti)K(x,x-t)dtdx 



= lim lim / / Xa/ (^2)^(^2)1^1 1 V" a k b j T k j(x2,t 2 )dx2dt2 

and we bound the last expression independently of A > 0. By using the mean zero of 
ipj this is equal to 

lim / / X\i{x2)^j{t2)[\I\~ l ^2 a kbjT kd (x2,t 2 )dx2-\I\~ 1 a k b j T k>j (x2,0))dx 2 dt2 

^°JJ \x 2 -t 2 \>e kdeZ k>jeZ 

now by a similar argument as before but using the smoothness condition instead the 
decay we can bound by 

lim / \iPj(t2)\ [ \xxi(x2)\CA\x2-t2\- {n+5) dx 2 dt2 < CA\\ijj\\ L i m 

J \x 2 -t 2 \>e 

4. Definition of T(l), (T(0 7 ® 1), <£>/) and (T(0 7 ® 1), tpj) 

In this section we give a rigorous definition of T(l), (T(^/®1), </?/) and (T(0/®1), 
as distributions modulo constants. The approach is similar to the uni-parametric case 
and so we will follow some of the arguments in [3Tj . 

We start with the technical lemma that gives meaning to T(l) (and also the partial 
adjoints Tj(l)). The condition T(l) G BMO(IR 2 ) means that the following inequality 

KT(1),/)|<C||/|| H1(M2) 

holds for all / that belong to a dense subset of if^R 2 ). 

We recall that an atom in R 2 is any function f(xx,X2) supported on an open set Q 
of finite measure, of the form 

RC£l,R dyadic rectangle 

where each is a pre-atom on R = I x J, that means, fn is C 1 , supported on 2R, 



and 



J /r(xi, X2)dx\ = for all X2 G R, ^ /k(^i, X2)dx2 = for all xi G 

K^/hIIoo < |J|«|J|fl|fl|l/2 (o <«,/?<!). 



and such that 

R.C£l,R dyadic rectangle 

(see PIT]). 
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However, in our case, such a dense subset will be the family of Schwartz func- 
tions / compactly supported with mean zero in each variable, meaning L f(x, t)dx = 
f R f(x,t)dt = 0. 

The way to apply such reduction is the following. We approximate any pre-atom / 
by a Schwartz function f n with the described properties such that f n converges to / 
in the topology of 5(1R 2 ) and H/nlk^R) < H/Hl^r)- The, we prove the below stated 
lemmata for f n but without the use of any smoothness property of f n . Finally, the 
continuity of A allow to conclude the same results for /. We will not give further 
details. 

In order to give a proper meaning to the left hand side of the previous inequality we 
use Lemma [4.11 

Lemma 4.1. Let A be a C alder on- Zygmund bilinear form with associated kernel K . 
Let S be a rectangle and f G 5(1R 2 ) with compact support in S, L 1 -adapted to S and 
with mean zero in each variable. Let also $ G 5(IR 2 ) such that = 1 for \\x\\ < 1 
and = for \\x\\ > 2. 
Then, the limit 

exists. Moreover, we have the error bound 

W) - A{T c{s) D 2h]Slli2klS2l <S>J)\ < C2~ 5k 

where 5 is the parameter in the Calderon- Zygmund property of the kernel K and the 
constant depends only on $ and A. 

Proof. For simplicity of notation we shall assume that S is centered at the origin. 

For k G N, we set ijj k = D 2 k ]Sll2 k\ S2 \$ - D 2 k-i\ Sl \ t2 k-i\ S2 \$. Let C = {t G R 2 : 
minj(|S'j|~ 1 |ij|) < 1}. We decompose this function into two parts: ipT = 4>kXc an d 
^pout _ ^ _ ^i anc j we ]3 0un( j |A(^)fc, /)| by estimating each part separately. 

Since the supports of an d / are disjoint, we use the kernel representation 

Hr k ut j) = J r k ut (t)f(x)K(x,t)dtdx 

Due to the support of / we may restrict the domain of integration to \xi\ < \Si\/2. On 
the other hand, due to the support of ip k we have that 2 fc ~ 1 |S , i | < |£j| < 2 fc+1 |5i| for at 
least one coordinate i G {1,2} and \Si\ < \ti\ < 2 k+1 \Si\ for both coordinates. 
Using the mean zero of / in each X{ variable we rewrite the above integral as 

J il>%*(t)f{x)(K(x,t) -K((x u O),t)-K((0,x 2 ),t)+K(0,t))dtdx 

Since 2|xj| < \Si\ < \ti\ we use the properties of product C-Z kernel to estimate the 
last display by 

c J \r k u \t)\\f(x)\^^dtdx 
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Using again the restriction on the variables, we estimate now by 



\xi\ 


5 


\ x 2: 


s 


N 


l+S 


t2: 


l+S 



° J J |*| < N < *» W W I i^TiT^ uTTTT^ dtdx 

JSJ 2^\S j \<\t j \<2^\S j \ 

= C J2 11 2^15,1 <\ U \< 2r + i\ Si \ \f( X )\^]hSTS dtdX 
r=1 S 2^\S j \<\t j \<2^\S j \ 





<5 


|x 2 


s 




1+5 


t 2 | 


i 


+s 



f f 1111 
- C J2 i 2^\s i \<\t i \<2^\s i \ \^ x ^\qt{i+S) \s J 2M1+5) |5 2 1 dtdx 

2 k -^\S ] \<\t ] \<2^\S ] \ 



r=l 



< L7^2-^2- fe5 ||/|| L1(M2) < L72- fc5 ||/|| Ll(R2) 

r=l 

To estimate |A(^ n , /)|, we write t/^™ = -j/*™' 1 ® i/'™' 2 - By symmetry, we need only to 
deal with the case when \t 2 \ < l^l- Then, by disjointness of the supports of ip l k n ' and 
f(-,t 2 ) for all t 2 , we can use the kernel representation of the restricted operator 

A(C\/) = J ^(tlXTS^^r 2 ),/^!,.))*!^! 

Due to the supports of / and tp k we have < 15*11/2 and 2 k ~ l \S 1 \ < \ti\ < 2 fc+1 |S'i| 
respectively. Using the mean zero of / with respect the variable xi, we write the above 
integral as 

/ c^xmu -T^ fi )(^)j(x ir ))dt 1 dx 1 

Now i/^""' 2 is supported on S 2 and L 2 -adapted to S 2 with constant C\S 2 \ 1 ^ 2 . On the 
other hand, for every x 1 , f(xi,-) is also supported on S 2 and L 2 -adapted to S 2 with 

9 I 1 / 2 

constant C^^. Then, since we also have 2|x 1 | < \Si\ < \ti\, by the mixed WB-CZ 
properties we can estimate the last expression by 



1 



I Si I 



a;i|<|Si|/2 J2 fe - 1 |Si|<|ti|<2 fe + 1 |S'i| 



\xi\ 


s 


\tl\ 


l+S 



Finally, due to the restriction on the variables, we can estimate by 

c \h I I w^jh dtldXl ^ C2 ~ kS 

l^ll ^|xi|<|Si|/2J|ti|<2*+i|Si| 1 ^ ' 1^1 1 

These estimates prove that the sequence (A(D 2 k\s 1 \,2 k \s 2 \®i f))k>o is Cauchy and so 
the existence of the limit L(f). 

Now the explicit rate of convergence stated in the lemma follows by summing a 
geometric series: for every k G N 2 , and every < e < 2 _fc<5 ||/|| L i( IR 2) let m G N 2 be with 
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\m\ sufficiently large such that \L(f) — A(D 2 m\s 1 i 2 m\s 2 \^, /)| < e; then, 

m 

\L(f) - A(D 2 m lSl \,2m\S 2 \^, f)\ < \L(f) - A(D 2 m lSll 2m\S 2 \^, f) | + ^ |A(^, /) | 

fc'=fc 

< e + C ^ 2- fc,<5 < C2- fe<5 
fc'=fc 

and the proof is finished. 

It can be easily proved that the definition of T(l) is independent of the translation 
selected proving that L is invariant under scaling and translation. Moreover, it can 
also be shown that the definition is independent of the chosen cutoff function $. 

We notice that, since we have only worked with smooth atoms, strictly speaking we 
haven't finished the definition of T(l). To do it rigorously, we should prove that the 
sequence (T(D 2 k 1 2 k 2 <&))k e %2 is uniformly bounded in BMO(IR 2 ). Then, using that the 
unit ball of the dual of Banach space is weak*-compact, we can extract a subsequence 
of previous sequence which converges to L(f) for functions / in C°°(IR 2 ) with compact 
support. Finally, since these functions are dense in if 1 (IR 2 ), we can deduce that pre- 
vious functional can properly been extended to all if 1 (IR 2 ) and that T(l ® 1) is the 
unique limit in BM0(1R 2 ) of the previous sequence. We will not get into any further 
detail about this issue. 

We move now to the definition of (T((f>j <8> l),(pi <S> •) following the previous sched- 
ule. The condition (T(<f)j <g> l),y?/ <S> •) G BMO(IR) means the validity of the following 
inequality 

|(T(0/ <g> l),<pj ® /)| < C\\f\\ H i m 

for all / that belong to a dense subset of iJ 1 (IR). In this case, such dense subset will 
be the family of Schwartz functions / compactly supported with mean zero. Then, in 
order to give a proper meaning to the left hand side of previous inequality we use the 
following Lemma: 

Lemma 4.2. Let $ e «S(R) such that = 1 for \x\ < 1 and = for \x\ > 2. 

Let S be a rectangle and (f>s 1 , <{>Si be two L 2 -normalized bump functions adapted to S±. 
Let f G «S(R) be supported in S 2 with mean zero. Then, the limit 

L^ps^f) = ffin A(0 5l ® T c (s 2 )D 2 k\s 2 \®, <ps,. ® /) 

exists. Moreover, we have the error bound 

\L+ Sl „ Sl (f) - A(<f> Sl ®T c{ s 2 )D 2klS2l <S>,cp Sl ® f)\ < C2- Sk \\f\\ LHR) 

where 5 is the parameter in the Calderon-Zygmund property of the kernel K and C 
depends only on $ and A. 
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Proof. We mimic the proof of previous lemma and for simplicity of notation we assume 
that S 2 is centered at the origin. For k > 1, we set ip k = D 2 k\s 2 \§ — D 2 k-i\s 2 \&- We will 
estimate |A(0 5l <8> ip k , ip Sl <8> /)|. 

Since the supports of ip k and / are disjoint we use the kernel representation of the 
restricted operator 

A(05i ®^k^s, ®ips 2 ) = J 4 , k(t 2 )f(x 2 )(Tl tX2 ((i)s 1 ),¥s 1 ) dt 2 dx 2 

Due to the supports of / and ijj k we have \x 2 \ < \S 2 \/2 and 2 fc_1 |S , 2| < \t 2 \ < 2 fc+1 |S , 2| 
respectively. Using the mean zero of / we write the above integral as 

J Mt2)f(x2)((Tl X2 -TlM Sl )^ Sl )dt 2 dx 2 

Since 2\x 2 \ < \S 2 \ < \t 2 \, by the mixed WB-CZ properties we can estimate the last 
expression by 

f \Mh)\\f(x 2 )\c 1 ^dt 2 dx 2 

and finally due to the restriction on the variables we can estimate by 
C [ \f(^)\^)T^idt 2 dx 2 < C2- fe5 ||/|| il(K) 

J\t 2 \<2 k \S 2 \ A V ' I ^2 1 

As before this estimate is summable in k, which proves that the sequence (A(<ps 1 <8> 
D 2 k\ S2 \Q, ip Sl <S> f))k>o is Cauchy and so, the existence of the limit L(f). The explicit 
rate of convergence stated in the lemma follows again by summing a geometric series. 

Notice that the functional L^ s tV>s may also be denoted by A((ps 1 <S> l,<ASi ® ')> 
(T(0 5l <g> 1), <p Sl <g> •), ((T\l), <p Sl ) or (T 2 (0 5l ), <p Sl )l, since 

A(0 5l <g> 1, (p Sl <g> /) = (T(0 5l ®l),<p Sl ®f) 

= ((T 2 (0 5l ),^ 5l >l,/> 

Notice that in this way, the condition ^ = turns into (T 2 (0 5l ), ip Sl ) = for 
all (f>s 11 <fsi adapted to Si. On the other hand, the condition L^ s jips e BMO(R) turns 
into (T 2 (0 5l ),v9 5l )l G BMO(R) or (T(0 5l ® l),^)^^) e BMO(R) for all 5l ,^ 5l 
adapted to Si. 

Finally we define (T(l ® 0/), • <g> ^j) when 4>i,ipj have disjoint support and ?/>j has 
mean zero. We follow a similar schedule as before by mixing the two previous cases. 
The condition (T(l <g> 0/), • <g> ipj) e BMO(IR) means that 

\(T(l®<f> I )J®rl>j)\<C\\f\\ H i ( B ) 

for all / that belong to a dense subset of if 1 (IR). Again, the dense subset will be the 
family of Schwartz functions / compactly supported with mean zero. Then, in order to 
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give a proper meaning to the left hand side of previous inequality we use the following 
lemma: 

Lemma 4.3. Let $ e <S(R) such that &(x) = 1 for \x\ < 1 and ®(x) = for \x\ > 2. 

Let (p R2 , ip S2 be L 2 -normalized bump functions adapted and supported to the dyadic 
intervals R 2 , S 2 respectively, such that \R 2 \ > \S 2 \, \R 2 \ < diam(i? 2 , S 2 ) and ips 2 has 
mean zero. 

Let f G <S(R) be supported in a dyadic interval Si with mean zero. Then, the limit 
L(f) = Urn A(T c{Sl )D 2 k lSll <S> <g> (f> R2 , f <g> tp S2 ) 

exists. Moreover, we have the error bound 

| J L(/)-A(T c( c ?l)J D 2fc |c ?1 |^»«)^ 2 ,/(8)^ 2 )| < C2~' Sfc (^) 1/2+<5 (|^ 2 |- 1 cliam( J R 2 US' 2 ))-^||/|| z 

where 5 is the parameter in the Calderon-Zygmund property of the kernel K and C 
depends only on $ and A. 

Proof. Again for simplicity of notation we assume that S\ is centered at the origin. 
For k > 1, we set ipk = D 2 k\ Sl \$ — D 2 k-ii Sl \$. We will estimate \K{jpk®4>R 21 f®ips 2 )\- 
The supports of ipk and / and the supports of <pR 2 and ips 2 are respectively disjoint 
(the latter because of the condition |i? 2 | < diam(i? 2 , S 2 )). Then, the supports of 
V'fc ® (pR 2 and / <S> ips 2 are also disjoint and so, we can use the kernel representation 

AOfc ® <Pr 2 J' <S>^s 2 ) = / ip k {ti)<l)R 2 {t 2 )f{x 1 )ilJs 2 {x2)K(x,t)dtdx 



Due to the supports of the functions ipk and / we may restrict the domain of integration 
to 2^1 Si I <\h\< 2 k+1 \S 1 \, < I Si |/2 while, by hypothesis, we have \t 2 - c(S 2 )\ > 
diam(i? 2 U S 2 ), \x 2 - c(S 2 )\ < \S 2 \/2. 

Using the mean zero of / and ips 2 we write the above integral as 



/ 



Mh)<f>B* (*2)/(xi)V's a (x 2 )(K(x, t)-K((x u c(S 2 )),t)-K((0, x 2 ),t)+K((0, c(S 2 )),t)dtdx 



Since 2|xi| < \Si\ < |* x | and 2\x 2 - c(S 2 )\ < \S 2 \ < \R 2 \ < diam(i? 2 U S 2 ) < \t 2 -c(S 2 )\, 
by the kernel properties we can estimate the last expression by 

|il|<2 fe |Si| |X2 — *2 1 >diam(i? 2 U S2) 

which, due to the restriction on the variables, we can estimate by 
C L <2 , ' /(Xl)l 2^ 



1 5*2 1 
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<C2- M ||/|| 1 , (Ill (|^|) 1/2+i (|fl 2 |- 1 diam(fl 2 US 2 ))-< 1+a ) 

As before this estimate is summable in k, which proves that the sequence (A(D 2 k\s 1 \<&(8) 
0ij 2 > / ® i J s 2 ))k>o is Cauchy and so, the existence of the limit L(f). The explicit rate 
of convergence stated in the Lemma follows again by summing a geometric series. 

5. A APPLIED TO BUMP FUNCTIONS 

In this section we study the action of A on bump functions to obtain good estimates 
of the dual pair in terms of the space and frequency (or scale) localization of the bump 
functions. 

We start with several lemmata about localization properties of bump functions. Since 
these are essentially uni-parameter results, we will not include here their proofs, which 
can be otherwise found in [28]. These lemmata will be frequently used in the proof of 
proposition I5.4[ the main result of this section. In particular, Lemma 15.11 will be used 
when we apply the weak boundedness condition away from the origin. On the other 
hand, Lemmata 15.21 and 15.31 will be mostly used when we need to use the cancellation 
condition T(l) = and the weak boundedness condition close to the origin. 

Lemma 5.1. Let I, J be two intervals such that \I\ > \J\. Let < 9 < 1, A = 
(| J| _1 diam(J U J)) > 1 and XJ the interval with same center as J and lenght X\J\. 

Let $aj be the usual L°° -normalized function adapted to XJ. Let <pj be a L 2 - 
normalized bump function adapted to J with constant C and order N . 

Then, 0j(l — $aj) is a L 2 -normalized bump function adapted to I with constant 



c My N/4 1/2 (|/|-i diam (j □ j))-<w/ 2 



and order [9N/4]. 



Lemma 5.2. Let I, J be two intervals such that \ J\ < |/|. Let N e N, < 9 < 1, 
R>3 andX> iT 1 ^ Jl^diam^ U J)) . 

Then, |AJ| _1 ' 2( I ) aj is an L 2 -normalized bump function adapted to I with constant 

A J\ \ 6N/4-1/2 , 

CR 2N {^) A (iV ~ 1)/2 

and order [9N/4]. 

Lemma 5.3. Let I, J be two intervals such that \c(I) — c(J)\ < max(|J|, | J\). Let <frj 
be a bump function adapted to J with constant C > and order N. 

/max(|/| I^Dx^^ 1 / 2 

Then, 6j is a bump function adapted to I with constant C ( ' — p- ) and 

\mm(|/|, | J\) J 

order N . 
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Now we state and prove the result describing the action of the operator when it 
satisfies the special cancellation properties. 

Proposition 5.4. (Bump lemma) Let K be a product Calderon-Zygmund kernel with 
parameter 5. Let A be a bilinear Calderon-Zygmund form with associated kernel K 
which satisfies the mixed WB-CZ conditions. 

Assume that A also satisfies the weak boundedness condition and the special cancella- 
tion conditions A(1®1,V ; s) — for all if) G 5(IR 2 ) with mean zero and A(/i®l, g\®ip) = 
A(l <g> f 2 , if) <g) g 2 ) = for all /j, g>j, if> G <S(R) with if) of mean zero. 

For every < 9 < min(2~ 15 , 5/ (1 + 5)), we choose ^ < N < and define < 5' = 
5-9(1 + 5) < 5. 

Then, there exists Cs> > such that for all rectangles R, S such that \Ri\ > \Si\ for 
i — 1,2 and all (pi, if> 2 bump functions L 2 -adapted to R and S respectively with order 
N and constant C > such that if) 2 has mean zero, we have 

/\q\ \ 1/2+5' 2 

\H4>iM\<C 5 , I i-H JJd^l-Miam^U^))^ 1 ^ 

Notice that with some abuse of notation, whenever we use this estimate we will 
simply write 5 instead of 5'. 

By symmetry on the arguments one can prove the following 

Corollary 5.5. Let A a bilinear form that satisfies all the previously requested proper- 
ties and the following special cancellation conditions: 

A(l ®l,ip) = AO, 1 ® 1) = A(V>i ® 1, 1 <g> if) 2 ) = A(l <8> ip 2 , ® 1) = 

/or a// if) G 5(IR 2 ) ; G <S(R) wift mean zero; and 

A(/i <g> 1, ^ <g> if)) = A(l <g> / 2 , if) <g> a 2 ) = A(V> ® / 2 , 1 ® £2) = A(/i ® V>, 0i ® 1) = 

for all smooth functions fi, gi G <S(R) and ^ G <S(R) o/ mean ^ero. 

Lei O<0<1, JVeN and < 5' < 5 be as before. Then, there exists Cs' > 
such that for every rectangles R, S and if>i, if> 2 bump functions L 2 -adapted to R and S 
respectively with order N, constant C > and mean zero, we have 
(2) 

1/2+5' 

(1+5') 



IHAMl < C S'f\( mm{ } R j\ A ^l ) (maxd^U^D-Miam^U^))- 
H V max (l^l, \3i\)J 



Proof of Proposition [3T^j For simplicity of notation we shall assume that Si are both 
centered at the origin. For each rectangle R and A G IR 2 , we denote by XR the dilated 
rectangle (A1.R1) x (A2-R2) that shares the same centre as R and has measure A1A2I-RI. 

Let be the usual L°°-normalized function adapted to the interval Ri and let 

We denote if>(t, x) = <f>i(i)if) 2 (x) which is adapted to R®S and truncate the function 
as follows. We start by splitting if) in the Xi variables iteratively, first in X\ and later 
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in x 2 . Let A« = (|S , i| _1 diam(_R i U Si)) e . Then, ip = ipi n - + ipout- where 

lj) in -(t,x) = (lp(t,x) - C 1 (t,X 2 ))$ a \ 1 S 1 {xi) 

and 

1pout,-(t,x) = lp(t,x)(l - $ AlSl (xi)) + C 1 (t,X 2 )$ a \ 1 S 1 (xi) 

where a = ^ and Ci(t,x 2 ) is chosen so that ipi n - anc ^ ''Pout - have mean zero in the 
variable x±. Notice that both functions have mean zero in the variable x 2 . Now we 
decompose ip in _ = ip in>in + ip in>(m t, where 

(3) An,in{t,x) = (lpin,-(t,x) - C 2 (t, X 1 ))<S> a x 2 s 2 (x 2 ) 

and 

1pin,out{t,x) = 1p in -(t,x)(l - ® i_ X2 s 2 (x 2 )) + C 2 {t, X x )^ a x 2 S 2 {x 2 ) 

where c 2 (t,x\) is chosen so that both tpi n ^ n and ipi n ,out have mean zero in the variable 
x 2 . Meanwhile we also decompose ipout- = Vw,in + i>out,out, where 

(4) 1pout,in(t,x) = (ipout ,-(t,x) - C 3 (t,Xi))<& a x 2 S 2 (x 2 ) 

and 

1pout,out(t,x) = i) out -{t,x)(l - <& a \2S 2 { x 2)) + C 3 (t, X 1 )^ a x 2 S 2 (x 2 ) 

where c^(t, x±) is chosen so that both ip ou t,in and ip ut,out have mean zero in the x 2 
variable. Notice that for example 

(5) c 2 (t,x 1 ) = -c\S 2 \^ J ip in _(t,x)(l - ® a \ 2 s 2 {x 2 ))dx 2 

We see now that the four functions just constructed have mean zero in each variable 
Xi. This is obvious in the variable x 2 , since c 2 and C3 have been chosen to accomplish 
this. Moreover, we know that ipi n - and ip ou t- have mean zero in the variable X\. 
Because of this, we have for each x 2 ,t: 

(6) J 1pin,in(t,x)dx 1 ^ a x 2 S 2 (x2) = - J C 2 (t, x)dx 1 ^ a x 2 S 2 (x 2 ) 

= -c\S 2 \~ 1 J ip in -(t,x)dx 1 J (1 - § a \ 2 s 2 {x 2 ))§ a \ 2 s 2 {x 2 )dx 2 = 

An analogous argument also proves mean zero of ip ou t,out in each variable Xj. Mean zero 
of both VWn, ^out,out imply the same for ipi n>0 ut 

and ip out 

An- 

Now we split the four functions in the ti variables. For ipout we only decompose the 
first two terms to get ipout,in(t,x) = ip 1>2 (t,x) + ip lj3 (t,x), ip in ,out{t,x) = ip 2j i(t,x) + 
ip 3il (t,x) and ipout,out(t,x) = ip ltl (t,x) where 

*t>l?(t,x) = IpoutAnit^^p^^ih), ^l,s(t,x) = ^out,in(t,x)(l ~ $ ^ 2 R 2 (t 2 )) 

1p2,l(t,x) = Ipi^outit^^p^ih), 1p3,l(t,x) = 1p in ,out(t,x)(l - ^j^l)) 

1pl,l(t,x) = 1pout,out(t,x) 

with Ri the translate of Ri centered at the origin and j3 — 1/4, ^ — |i?j|~ 1 diam(i? i US'i). 
The reason for notation ip^j will become clear later. 
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Finally, for t/W" we repeat the first type of decomposition to get the following four 
terms: 

ip in (t,x) = Jpi n! i n (x,t)®p^(t) 

+ An,in(x,t)(l - " ^ 2 fl 2 (i 2 )) 

= ^2,2^, ^) + ^2,3^, + ^3,2^, X) + ^3,3^, %) 

A careful look at all these terms reveals that they can be described by 
^i,2(*,a;) = ij(t,x)(l-<5> a x 1 sAxi))® a \2S 2 (x2)®^ 2 R 2 (t 2 ) + c 1 1 + cl 
ipi, 3 (t,x) = ij(t,x)(l-<5> aXlSl (x 1 ))$ aX2S2 (x 2 )(l-$^ 2R2 (t 2 )) + ci + c 2 3 
i>2,i{t,x) = ^{t,x)^ aXl s 1 (x 1 )(l-^ a x a s a (x 2 ))^p IJllAl {t 1 ) + (^ + 4 

1p3,l(t,x) = Ht,x)^ lSl (x 1 )(i-^ oMS 2M)(i-^ p ^RSti))+4 + 4 

i/>i,i(t,x) = ii>(t,x)(l-$ a x 1 s 1 (x 1 ))(l-$ a i aSa (x 2 )) + 4 + <% 

i>2, 2 {t,x) = ip(t,x)^ aXS (x)^^R(t) + ct + 4 

fa, 3 (t,x) = ^(t,x)^(x)^ lkl (t 1 )(l-^^(t 2 )) + cl + 4 

^3,2 = ^(t,x)^(x)(l-^ lAl (t 1 ))^^(t 2 )+cl + 4 

iJ 3 , 3 (t,x) = V(i^)^aA5(x)(l-^ 1 (il))(l-^ 2 (i2))+C? + C 9 

where the functions c* are error terms that ensure that all functions ipij have mean zero 
in the variables x±,x 2 . We notice that c\ = c\(t,x 2 ), c 2 = c l 2 (t,xi) and c| = c\(t,x 2 ). 
At the end we will prove that the functions c* are small and have the right support 
to allow us to assume that the main terms have the stated zero averages. We will 
denote the main terms again by iftij. Also notice that they are of tensor product type. 
Moreover, with a small abuse of notation, we will write the action of the dual pair over 
ipij as A(^ij). 

We call (1) the use of weak boundedness condition away from the origin, the mean 
zero in the variables xi, x 2 and rate of decay of ip; (2) the use of the special cancellation 
condition T 1 {1) = 0, the weak boundedness condition close to the origin and the mean 
zero of ip in the Xi variable; and (3) the use of the integral representation, the properties 
of the C alder on- Zygmund kernel and the mean zero of ip in the variable X{. We call 
{%) x (j) the combined use of {%) in the variables t\,x\ and (J) in the variables t 2 ,x 2 . 
Then, we plan to bound A(ip) dealing each term A(*0jj) by means of (i) x (j). 

a) WB-WB. We start with = rl>(t,x)(l - $ aAl5l (x 1 ))(l - $ q a 2 5 2 (^)) 

with mean zero in variables x 1 ,x 2 , for which we will prove the decay by using weak 
boundedness in these variables. 
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We know that ip is adapted to R x S and so, by Lemma [5.11 in the variables x\,X2, 
ip lt i is adapted to R x R with a gain in the constant of at least 

I r»| \ 6/ AT/4- 1/2 

I^H TT/idi-Ij- /D mq\\- w / 2 



/ I CI \ 

C \Jb]) II (l^r 1 diam( J R,US' J ))" 

^1 I' i=l,2 
/ I CI \ 3/2 

- C [Tr\) II (l^r'diam^U^))' 



i=l,2 

because 9 and iV have been chosen so that 9N > 8. 
Then, by the weak boundedness condition we have 

/ I CI \ 3/2 

|A(^i,i)l<C(fp[) II (l^r'diam^U^)) 

Vl 1/ i=l,2 

b) CZ-CZ. Now we consider = ^(t,x)$ aA5 (x)(l-<l> /3m ^(t 1 ))(l-<l> /3M2i j 2 (t 2 )) 

which will be bounded by the integral representation and the properties of the CZ ker- 
nel. 

On the support of the ^3,3, we have that \ti\ > \/Ay^\Ri\ = diam(i?j U Si) /A while 
|2C<| < 2/32Xi\Si\ = 2/32|^| 1 - e diam(i? l U Si) e . Since |5 i |- 1 diam( J R i U Si) > 1, the 
previous two inequalities imply 2\xi\ < and so, the support of ^3 is disjoint with 
the diagonal. This allow us to use the Calderon-Zygmund kernel representation 



A(^3,3) = J ip3, 3 (t,x)K(x,t)dtdx 
Now using the mean zero of ^3 in the variable x, the above integral equals 
i[) 3>3 (t,x)(K(x,t) - ir((zi,0),f) - K((0,x 2 ),t) + K(0,t)) dtdx 



Moreover, since 2\xi\ < \ti\ we can use the property of a product CZ kernel and estimate 
the last expression by 



\xi\ 


6 


^2 


S 








l+<5 



1 x ) I u 1 u 114-A dtdx 



Finally, since \ti\ > diam(_Rj U Si) /A and \xi < 2/32|S'j| 1 e diam(_Rj U Si) 9 , we estimate 
by 

-5 1 



C Yl \Si {1 - 9)s diam(Ri U S^diam^ U S^ 1 

i=l,2 

< c n ifti^diam^u^)- 1 -^!^! 1 / 2 !^! 1 / 2 



3,3 1 



i=l,2 



C 11 (l^l/liZfD^-^Cdiam^ U S^/lRi)' 



-l-(l-0)6 
i=l,2 



< C J] (|5' i |/| J R i |) 1 / 2+5 '(diam(^ U SO/M)' 



i=l,2 
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since (1 — 9)5 > 5 — 9(1 + 5) = 5'. This proves the desired estimate for A(/03 j3 ). 

c) T(l)-T(l). To bound, ip 2}2 (t,x) = ip(t, x)<b a \ S (x)$p ji(t) we first argue the fact 
that we can make the extra assumption ^2,2(0, x) = for any x. 
The assumption comes from the substitution of i/j 2> 2 (t, x) by 

( 7 ) fefe^-^is^^is/Wfe^i) 

Actually, in order to prove i[) 2j2 is adapted to certain rectangle, we also need to subtract 
a term including some partial derivatives of ^2,2(0, x). However, in order to simplify 
the exposition, we will obvious this fact. For more details, we refer to |28j . 

We first need to prove that the subtracted term satisfies the same bounds we want 
to prove. Denote ^2,2 (t,x) = ^2,2(0, x). Since i[) 2t2 is adapted to R X S with constant 
comparable to C, we have that 

\4> 2>2 {t,x)\ < c|i?r 1/2 n t 1 + i^r 1 !^) - e^ir^M^i 

i=l,2 

with ifs an L 2 normalized bump function adapted to 5*. Moreover, since 
1 + {Ril'MRi) ~ = \Ri\-\\Ri\ + \c(Ri) - c(Si)\) 
> | J R i |" 1 diam( J R i U Si) 

we have 

hMt,s)| <C\R\- 1/2 ]\(\IU\- 1 diam(R i \JS i ))- N \(p s (x)\ 

i=l,2 

Moreover, %p 2 ,2 is supported in -^^S with mean zero. Then, by the special cancellation 
condition A(l <g) 1, ips 1 <8> i>s 2 ) = 0> the explicit error of Lemma H~T1 and the decay of ip 
just calculated, we can estimate the contribution of the term subtracted in ((Tj) by 

|A(^ aAl|Sl| M aA2 | S2 |$^2, 2 )| = |A(^i|i aAl | Sl | M aA2 | S2 |$^2, 2 )-A(l® 1,^2,2)1 



< C felUn*) < C \R\- 1/2 n (|i? i r 1 diam(^ U Si))-*|fif ^ 



C 



5+1/2 



-M nd^l-Miam^U^))- 

8=1,2 



■JV 



and the right hand side is no larger than the desired bound. 

Now, with the assumption, we further decompose ip2,2 with respect the t variables 
in the following way: 

^2,2 = ^2,2,in + tp2,2,out 
^2,2,in(t,x) = 1p2,2(t,x)$JL XS (t) 
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cl) We first prove that ip2,2,in is adapted to AS* x AS* with constant 
C f ||[) 3/4 II (l^r 1 diam(^ U S,^ 7 



i=l,2 



and order N2 = [N 1 ^ 2 ]. Actually, in order to shorten the proof, we will only show how 
to obtain the bound for the function. For the corresponding work to estimate also the 
derivatives we refer again to [25] . 
On one side, we have, 

l*AA5(*)l < lAS-HAST 1 ^! + lASM* - o(XS)\)- N ^ 

which shows that ^^\s is £ 2 -adapted to XS with constant comparable to (AS*! 1 / 2 . 

On the other hand, the support of if>2,2,m m the variables is in XS. Then, for all 
t G XS and all x G M 2 , we have by the extra assumption, 

\ip2,2,in(t,x)\ < 1^2,2^,^)1 = / / d tl d t2 4>2,2(r,x) dr 



Jo Jo 

< \tl\\t2\\\d tl dt 2 1p2,2(-' X )\\oa < AlA 2 |S'|||9 il <9i 2 V'2,2(-,^)||oo 

By definition of bump function 

\d tl d t ^2,2{r,x)\ < C\R\-V 2 H (1 + l^r'ln - c{Ri)\)- N *<p s {x) 

i=l,2 

where <p$ is an £ 2 -normalized bump function adapted to S because ip2,2 (r, •) is adapted 
to S. Now, from the particular choice of $j_as5 we have 

\n\ <\ti\< i/2Xi\Si\ 

= l/2|5 l | 1 ~ e diam( J R i U Sif < l/2diam( J R i U #) 
because \Si\ < diam(lj U Jj), and so, 

1 + \Ri\- l \r t - c(Ri)\ > 1 + l^l" 1 !^)! - IR^lnl 

> | J R i r 1 diam( J R i U S { ) - l/2|i? i |" 1 diam( J R i U Si) = l/2| J R i |- 1 diam( J R i U Si) 
Therefore, 

(8) \\d tl d t ^2,2(-^)\\oo < C\R\' 3/2 11 (lit^-Miam^ U S l ))~ N ^ s (x) 

i=l,2 

Moreover, by lemma I5"T51 in the variables x%,X2, we have that ips is a bump function 
adapted to XS with constant CAf r2+1 ^ 2 A^ 2+1 ^ 2 and so 

\<p s (x)\ < cAf 2+i/2 Af +i/2 n lA^r^a+iA^rv-^i)-^ 

8=1,2 

This implies that we can bound in the following way 

|^Mt,aOI < CX 1 X 2 \S\\R\- 3/2 Y[ (l^rMiam^ U 

i=l,2 
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A jr a+ i/2 A jr a+ i/2 -q | A . 5 .|-i/2 (1 + 1^.1-1^ .^i)-^ 

i=l,2 

= C\\S\- 1 ' 2 (|§) 3/2 II (l^r 1 diam(^ U S t )Y N 

^' \' i=l,2 

Af+ 2 Af +2 J] |A^|- 1/2 (1 + |A^|- 1 k-c(^)|)- iV2 

i=l,2 



Therefore, 



|V>2,2,m(M)| = |V>2, 2 (M)||$JLas(0I 

3/2 

,11 > 

< C 



HI) II (l^r 1 diam(i? i U 5 l ))- iV Af +2 Af + 2 

^ \' i=l,2 

n ia^|- 1/2 (i + lA^rv - c^i)-^ • lAsr 1 / 2 !*^)! 

i=l,2 

and notice that |AS , | _1 / 2 $ T s_ A5 (t) is L 2 -adapted to AS*. This already shows that i>2,2,in(t, x) 
is adapted to XS x XS. But we know simplify the constant. Since 

Af 2+2 = (| 1 S l |- 1 diam( J R, U S^ 2+N ^ 

< (^)^ (2+JV2) (| J Rr 1 diam( J R J U Si)) 9 **** 
we bound the constant by 

3/2-e(2+AT 2 ) 



C ( W II (l^rMiam^ U 50)-^^ 

^1 i=l,2 
/ I CI \ 3/4 

^ C ( TpT ) II (l^r 1 diam( J R l U S,))- 7 



i=l,2 

because, from the choice of # and N, we have 6 |2 A r < ^ and so, 6W 2 < |. This implies 
0(2 + iV 2 ) < 20(1 + iV 2 ) < 29 + 1/2 < 3/4. 

Then, by the weak boundedness property of A we get 

|A(fen)| < C (j||) 7 J] (l^r 1 diam(i? i U S^ 7 

c2) We now work with tp2,2,out- When J^-A^Sil > |/ij|-Rj|, we have that ip2,2,out is the 
zero function and so, the right decay of |A(^ 2 ,2,out)| is trivially satisfied. Hence, we 
only need to work in the case when ^Ajl^l < \ni\Ri\. 

By the extra assumption again, we have as before 

rti rti 

\i/>2,2,out(t,x)\<\il>2,2(t,x)\= / / d tl d t2 ip 2 ,2(r, x) dr 

Jo Jo 
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Again, by the definition of a bump function we have 

\d tl d t ^ 2 {r,x)\ < C\R\^ 2 J] (1 + iR^ln - c(^)|)-^ s (x) 

8=1,2 

where <ps is an £ 2 -normalized bump function adapted to S because ^2,2 ( r , •) is adapted 
to S*. But now, from the particular choice of $1^.^., we have 

N < \U\ < fXi\Ri\ = 1/4^1^1 = l/2diam( J R i U £) 

and so, 

1 + \Ri\- l \n - c(Ri)\ > 1 + l^l" 1 !^)! - IR^lnl 

> |i? i |- 1 diam( J R i U S { ) - l/2\R i \- l diam(R i U S t ) = l/2\R i \- l diam(R i U S { ) 
Therefore, 

||^A^0^)lloo < C\R\~^ 2 J] (l^r'diam^ U Si))- N <p s (x) 

i=l,2 

and so, 

(9) \i>2,2,out(t,x)\ < C|*iH*2||^r 3/2 JlQRil^diamiRiUSi^tpsix) 

i=l,2 

On the support of ip2,2, we have \U\ < \ni\Ri\. Moreover, on the support of i/j 2 ,2,out, 
we have that \ti\ > -^Xi\Si\ while \xi\ < £\i\Si\. Then, 2\xi\ < \U\ and so, we can use 
the Calderon Zygmund kernel representation 



A(^ 2 ,2,o«t) = J ip2,2,out(t,x)K(x,t)dtdx 
Using the mean zero of ip 2 ,2,out in the variables Xi, we can rewrite the above integral as 

ip2,2,out(t,x)(K(x,t) - K(0,t)) dtdx 



Since 2\xi\ < we can use the smooth property of a product Calderon-Zygmund 
kernel and the decay of the bump function of ^2 2 in calculated in ©, to estimate 



m2,2,out)\<C f \t 1 \\t a \\\R\-*' 2 It {\Ik\- 1 ti*n(R i US i ))- N \<ps(*)\ lt X n + s if \L dtdx 



Now, using the restrictions < ^Ai|Si| and J^A^I < < we can estimate 

previous expression by 



C1#r 3/2 1] (l^r 1 diam(i? i U Si))' N \S\- 



-1/2 

i=l,2 



f 11 

|xi| <5 |x2| 5 c?a; / 1 — 77-, — rjrdt 



30 SANDRA POTT AND PACO VILLARROYA 

Now, in order to compute the integrals, we assume that 5 < 1. The case 5 = 1 can 
be treated in the same way leading to a similar estimate. Then, the product of the 
integrals is bounded by a constant times 



n (^w^kw-* - &m\y- 5 ) % MSi\) i+s w\) 1 - 

=1,2 

= J] |5' 4 | (1 ^ )(1+<5) diam( J R,U^) e ( 1+5 )diam( J R,U^) 1 - 5 



i=l,2 



J] l-S'il^-^^I^I^^Hl^r'diam^U^)) 1 -' 5 ^^ 

8=1,2 

Therefore, we can bound 

\H^out)\ < \R\- 3/2 nd^r'diam^U^))-^^!- 1 / 2 

i=l,2 

JI ^^^-^^^^^-^(^(l^l-Miam^ U ^)) 1_<5+fl(1+<5) 



i=l,2 

/ \,Q\ \ 1/2+5—0(5+1) „ 

II<"< ; <l^n(/^..S,)) 

' ' 1=1,2 

< c (w\) 1/2+5 ' n(i^i _idiam (^ u ^))~ 7 

' I i=l,2 

Once finished the three "pure" cases, we move to the proof of the "mixed" ones. 

d) WB-CZ. Wework^ lj3 (t,x) =^(t,x)(l-$ aAl5l (xi))<l> QA252 (x 2 )(l-$^ 2/ j 2 (t 2 )) 
which will be dealt by using the weak boundedness in the variables tx,Xi and the kernel 
representation in the variables t 2 ,x 2 . 

By lemma [5TT1 in the variable xi, we have that ipi^ is adapted to (R\ x R 2 ) x (Ri x S 2 ) 
with a gain in the constant of at least 

3/2 



/ I C I \ V 

Cf^j (|i2i|- 1 diam( J R 1 U5'i))" 
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This way we can assume i/;i i3 (t,x) = 0R 1 (ti)0R 2 (t 2 VR 1 (£i)'?/'s 2 (:£ 2 ) with ip$ 2 °f zero 
mean. Moreover, on the support of ip 2 we have that 1^1 > diam(S , 2 U -R2) while \x 2 \ < 
^\S 2 \ 1 ~ 9 dia.m(R 2 U S2) 9 . This implies \x 2 \ < \t 2 \ and so by the integral representation 
of the restricted operator T^ x , we have 

AOi.s) = J <pR 2 ( t 2)i's 2 (x2)(Tt 2jX2 ((pR 1 ), (p Rl ) dt 2 dx 2 
Using the mean zero of ij)g 2 we obtain for the above integral 

(t>R 2 (t2)ips 2 O2) {(T? 2 , X2 - T 2 )(> Rl ), <p Rl ) dt 2 dx 2 
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Since 2\x2\ < \t 2 \, by the mixed WB-CZ property of A and the gain in the constant, 
we estimate the integral by 

/, I C I s 3/2 \ T \S 

\^R 2 (h)\\i>s 2 (x2)\C(^) (l^rMiam^ U S 1 ))- 4 j^dt 2 dx 2 

which, by using the restriction on the variables, we bound by 

^(^) 3/2 (| J R i r 1 diam(i? 1 U Sx))- 4 

\S 2 \^ 5 dmm(R 2 U S 2 ) es dizm(S 2 U R 2 )~^ \\Ms 2 

, 3/2 

< ^(t^t) II (l^ir'diam^ U S x ))^ 

I 1 ' i=l,2 

|5 2 |( 1 -^diam(i? 2 U S^diam^ U R 2 )~^ \R 2 \ 1/2 \S 2 \ 1 ' 2 
= C(^ / \\R 1 \-^(R 1 US 1 ))^ 

e) WB-T(l). We now consider i> lt2 {t,x) = i/>(t, x^l-Q^s^x))®^^)®^^) 
which will be bounded by the use of weak boundedness in t\,X\ and the special can- 
cellation properties in t 2 ,x 2 . 

First, we impose the extra assumption ^i i2 ((ti, 0), x) = for any t\,x. The assump- 
tion is possible by the substitution of 

7P h2 (t,x)-V lR2l $(t 2 )^ 2 ((t 1 ,Q),x) 

and we first need to show that the subtracted term also satisfies the stated bounds. 

We denote ipi, 2 (t 1 ,x) = ipi^dti, 0), x). Applying Lemma loTTI in the variable x± and 
similar reasoning as in previous case c) in the variable t 2 , we have 

/ 1,9,1x3/2 

|^M*i,aOI < C {Tjn) (l^ir'diam^!,^))- 4 

l^r^d^rMiam^,^))-^!^^)!!^^)! 

and so T>\ R2 ^(t 2 )ipi 2 (t 1 , x) is adapted to (S\ x R 2 ) x (Si x S 2 ) with constant 

|i? 2 |- 1 / 2 (|i? 2 r 1 diam(i? 2 ,5 2 ))- JV (^) 3/2 (|i? 1 |- 1 diam(i? 1 ,S 1 ))- 4 

Moreover, since ^i )2 is a function of tensor product type, then we can write that 
ipi,2(ti,x) = 4>s 1 {ti)ips 1 (xi)ips2( x 2) with each bump function adapted to the inter- 
val used as subindex. Notice that ips 1 is L 2 -adapted to the interval Si with con- 
stant C(|S'i|/|i?i|) 3 / 2 (|-Ri| _1 diam(_R 1 , Si))~ 4 while ips? is adapted to S 2 with constant 
C\Rz\- 1 ' 2 {\R a \- 1 tiam{R a , S 2 ))~ N . 
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Now, we make use of the special cancellation condition A((fis 1 <8> 1, fSi <S> ips 2 ) = f° r 
all bump functions 0^,^^ and all bump functions tps 2 °f mean zero. Then, we can 
use the explicit estimate of Lemma 14.21 to get 

\H<f>s^'D ] R 2 ^,ips 1 ®ips 2 )\ 

= |A(05i ® ^>i«2i |c |^, i>sk ® ^s 2 ) - A(0 Sl ® 1, ip Sl <8> Vs a )| 

/ I C I \ 3/2 / I /? I \ — ^ 

< C(g|) (l^rMiam^ U SO)" 4 ( gij Hfelli 
< c(^) 3/2 (| J R 1 |- 1 diam( J R 1 US 1 ))- 4 (V^j \R 2 \- 1/2 (\R 2 \- 1 dmm(R 2 US 2 )r N \S 2 \ l/2 



/ | a I \ 3/2 / I o I \ 5 +!/2 

C f (| J R 1 |- 1 diam(i? 1 U SO)" 4 ( (l^rMiam^ U 

< C + ' n (| J R l |- 1 diam( J R J U ^))~ 4 

^' i=l,2 



which is no larger than the desired bound. 

Now, with the assumption, we further decompose ipi t2 with respect the t 2 variable 
in similar way as we did before: 

^1,2 = 1pl,2,in + lpl,2,out 
1pl,2,in(t,x) = 1pi, 2 (t,x)$s_ XS2 (t 2 ) 

el) We first prove that V'l^.m is adapted to x X 2 S 2 ) x (R 1 x \ 2 S 2 ) with constant 

3/2 / I C I \ 3 / 4 



/ I 9 I \ 7 / I S 1 I \ 1 

C ( j-^J (|i? 1 |- 1 diam( J R 1 U SO)" 4 U^r) (|/? 2 |- 1 diam(i? 2 U 5 2 ))" 
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and order iV 2 = [iV 1//2 ]. Again, we prove this bound for the function, while the work 
for the derivatives follows in a similar way as in [28J . 

The support of ipi^in in the variable t 2 is in X 2 S 2 . Then, for all t 2 G X 2 S 2 an d a U x i 
we have by the extra assumption, 

l^mO, x) I < \ip lj2 (t,x) I = / d t2 ip 1:2 (t u r,x)dr 

Jo 

< qt 2 |||5 t2 ^l,2(tl,-^)||oc < C7A 2 |5 , 2|||a ta ^l,2(tl.-,x)||oo 

As before in (Q, we can show that 

||dt 2 Vi, 2 (V^)il°° < Cl^r^d^rMiam^U^))-^^) 

where is an L 2 -normalized bump function adapted to R\ x (5\ x S , 2 ) because ip(-,t 2 , •) 
is adapted to i?i x S. 



c(^j) 3/2 (| J R 1 r 1 diaiii(i2 1 u5'i))" 
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Now, by the factor 1 — &\ 1 s 1 of ^1,2 and Lemma \5. II in the variable x±, we have that 
<p is adapted to Ri x (R 1 x A2S2) with constant 

|Sl |>^3/2 

Also, by lemma 15.31 in the variable x 2 , we have that ip is a bump function adapted 
to R\ x (Si x X2S2) with constant CA^ 2+1 ^ 2 . and so, 

\<p{h,x)\ < CAf +1/2 |A 2 S 2 |- 1/2 (1 + |A 2 ^ 2 |- 1 |x - c^)!)-^ 2 
This implies that we can bound in the following way 

/ I C I \ 3/2 

\Mt,x)\<C\ 2 \S 2 \U£) (|i2i|- 1 diam(i2 a U5 , i)) 

\R 2 \- 3/2 {\R 2 \- 1 dia,m{R 2 U 5 2 ))- 7V A 2 V2+1/2 |A 2 S 2 r 1/2 (l + \\ 2 s 2 \- i \x - c{S 2 )\)- N * 
Therefore, 

\lpl,2,in(t, X )\ = l^l,2(t,x)||$^ A52 (t)| 
/ I C I \ 3/2 / I q I \ 3/2 

< C (^J (| J R 1 |- 1 diam(^ 1 U (|i? 2 r 1 diam(^ 2 U S 2 ))~ N >$* +2 

|A 2 5 2 |- 1 / 2 (1 + \X2S2nx - c(S 2 )\r N > ■ \XS2\- 1/2 \\^^ X2 s 2 (t)\ 

This already shows that ^1,2,^ is adapted to x A 2 5 , 2 ) x (i^ x A 2 5 , 2 ) and the constant 
can be simplified in a similar manner as we did in the case c.l). 
Then, by the weak boundedness property of A, we get 

/I 9 l\ 3/2 a / I 9 l\ 3/4 

\A(A,2,in)\ < C U^-j (\R 1 \~ 1 dmm(R 1 U Si)) ( (l^rMiam^U^))- 7 

e2) We now work with ipi,2,out- As in case c.2), we only need to work in the case 
when ^A 2 |5 , 2 | < ^/x 2 1 -R2 1 - By the extra assumption again, we have 

/■*2 

\ipi,2,out(t,x)\ <\ip lt2 (t,x)\ = / d t2 ip h2 (ti,r,x)dr 

Jo 

(10) < qt 2 |RV>i,2(*i,-,20||oo < CI^H^r^d^rMiam^U^))-^^!^) 

obtained with similar calculations as before and where p is a bump function adapted 
to i?i x (Si x S 2 ). 

Furthermore, because of the factor 1 — ^\ 1 s 1 of ^1,25 we can apply Lemma 15.11 in 
the variable x±, to deduce that p is adapted to R\ x (R x x S 2 ) with a constant of 
L7(|Si|/|i?i|) 3 / 2 (|i2 1 |- 1 diam(i? 1 U Si))~ 4 . 

Putting everything together, we can then assume the representation 

1pl,2,out(t, x) = faifa^JbfefyRifatytofa) 
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with <p Rl adapted to R x with constant C( | | / 1 .Ri | ) 3/2 (|i?i|" 1 diam( J R 1 U Si))' 4 , 

\<f>R 2 (h)\ < CI^H^r^d^rMiam^ U S 2 ))- N (l - D X2 \ S2 \${h)) 
and ips2 bump function with mean zero adapted to S 2 with constant C. 

On the support of ipi,2, we have \t 2 \ < ^/x 2 1 -R2 1 = ^ >t/2 1 1 - Moreover, on the support 
of ipi t 2,out we have that \t 2 \ > -^X 2 \S 2 \, while \x 2 \ < ^X 2 \S 2 \. This implies 2\x 2 \ < \t 2 \ 
and so by the integral representation of the restricted operator T? x , we have 



A(Vi, 2 ) = J (p R2 (t 2 )iP S2 (x 2 )(T t 2 2 

,12(^1)' VRi) dt 2 dx 2 
Using the mean zero of f/>s 2 we obtain for the above integral 

^R 2 (h)^s 2 (x 2 )((Tl :X2 - Tl fi )((j) Rl ),(p Rl } dt 2 dx 2 



Since 2\x 2 \ < \t 2 \, by the mixed WB-CZ property of A and the decays calculated, we 
can estimate the integral by 

(11) J |^(^[|^(*a)|Cf (i^) 3 ^(|i2 1 |- 1 diam(i2 1 U S'O)-*^^^ ^cixa 

Now, using previous estimates for 4>R 2 {h)ips 2 { x 2), we bound (ITT]) by 

(^(^^(l^l-Miam^U^))- 4 



\Ri 

\R 2 \- 3 /\\R 2 \- 1 diB k m(R 2 US 2 ))- N J |X2|< ^ A2|52| \t 2 \X 2 1/2 \^ S2 (x 2 )\^dt 2 dx 2 
< c(^) 3/2 (|i? 1 |- 1 diam(i? 1 U 5 1 ))- 4 A^ /2 | J R 2 |- 3 / 2 (|i? 2 |- 1 diam(^ 2 U 



i^r i/2 / \x 2 \ s dx 2 [ j±-dt 2 

J \x 2 \<^X 2 \S2\ J ^\X 2 S 2 \<\t 2 \<^ 2 \R 2 \ 1*2 | 

C(^|) 3/2 (|it; 1 |- 1 diam(it; 1 U S 1 ))- 4 | J R 2 |- 3 / 2 (| J R 2 |- 1 diam(i? 2 U S 2 ))~ N 
|5 2 |- 1/2 (^A 2 |5 2 |) 5+1 ((^ 2 | J R 2 |) 1 - 5 - (^A^l) 1 - 5 ) 

/L9il\3/2 /L9nl\ 1/2+5' 

< C(|^t) (l^l-Miam^ U 5 1 ))- 4 c(i^|) (l^l-Miam^ U 5 2 )) 
with similar calculations as before. 
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f) T(1)-CZ. The last term is ^ 2 , 3 (t,x) = V<£, ^^(x^^^Xl - $^ 2j r 2 (* 2 )) 
for which we will use the special cancellation and the kernel representation. 

As before, we first need to justify the the extra assumption ^^((0, t 2 ),x) = for 
any t 2 G 1, x 6 I 2 . In order to do this, we divide the study into two cases: when 
2\R 2 \ < diam( J R 2 U S 2 ) and when diam( J R 2 U S 2 ) < 2\R 2 \. 
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In the first case, the assumption comes from the substitution of ip 2y3 (t,x) by 

and we again prove that the subtracted term satisfies the stated bounds. 

We denote ip 2l3 (t 2 ,x) = ^2,3((0, t 2 ), x). Applying similar reasoning as in case c) in 
the variable t\ we have 

|^2, 3 (*2,x)| < C\R 1 \- 1 '\\R 1 \- 1 dmm{R 1 \JS l )Y N \i PRl {t 2 )\\i Ps {x^ 

Moreover, since ^2,3 is a function of tensor product type, we are allow write that 
^2,3(^2, x) = 4> R2 (t 2 )ips 1 (xi)ips 2 (x 2 ) with each bump function adapted to the interval 
used as subindex. Notice that ipsi has mean zero and it is adapted to Si with constant 
Cliilil-^d^l-idiam^i U S 1 ))~ N . 

Now, due to the support of ^2,3 in the variables t 2 and x 2 , we have that \t 2 \ > 
fi 2 \R 2 \/A while \x 2 \ < j^\ 2 \S 2 \. This implies as before 2\x 2 \ < \t 2 \ and so, since |i? 2 | < 
diam(i? 2 U 5*2), we can use Lemma [4.31 Actually, by the special cancellation condition 
A(l eg) (f> S2 , tpsi ® i ) s 2 ) = O5 the explicit estimate of Lemma FOl and the decay of i/js 2 , we 
have 

= \A(p m |a fe)-A(l® (t> R2 ,ips x ®ips 2 )\ 

WIT 1 1 

i^J (l^rMiam^U^))" fi^ij UsAU 

gjj (l^l-Miam^U^)) (^J l^r^d^l-Miam^US!))^!^! 1 / 2 

/ I Q I \ 1/2+5 / I Q I \ l l 2+s 

= c(|^t) (l^rMiam^ U S 2 ))-( 1+5 ) ( jgjj (|^ 1 |- 1 diam(i? 1 U ft))"" 

which is no larger than the desired bound. 

On the other hand, in the case diam(i? 2 U S 2 ) < 2|i? 2 |, the extra assumption comes 
the substitution of i/; 2j3 (t,x) by 

i> 2 , 3 (t, x) - V T \ R ^{t x )^{{^ t 2 ),x) 

with r = (| J R 2 |/|5 2 |) i ^ X£ and we again need to prove that the subtracted term satisfies 
the stated bounds. 

As before, ip 2 ^{t 2 ,x) = 4>R2{^2)'4 } s l ( x i)ips 2 (x 2 ) with each bump function adapted to 
the interval used as subindex and such that ips 1 has mean zero and it is adapted to 
S\ with constant C , |-Ri| _1 / 2 (|i?i| _1 diam(_Ri U S\))~ N . But now, ip Ri and ips 2 can be 
considered to be adapted to the same interval R 2 . Obvioulsy, ip R2 will be adapted to 
R 2 with constant C. However, due to the difference on size, by Lemma 15.31 ips 2 w iU 
be adapted to R 2 with constant C(\R 2 \/\S 2 \) N+1/2 . 
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Then, by the special cancellation condition A(l <g> (fis 2 , ipSi ® ips 2 ) = 0> an d the decay 
of V , 5 2 an d the explicit estimate this time given by Lemma [4.21 we have 

\A(V T \ Rll $ ® (j>R 2 ®^ Sl ® ^i? 2 )| 

= |A(P jkjlI, 0fla,Vsi O^Ba) - A(l® ^ifa.Vsi®^)! 



< C 



r 



AT+l/2 / I d I \ -<? iV+ , 1+ ' 5 / I o I \ 5 



'Si l 



£C (i) (If)' ' (|H) w-^w-^^w^ 

< c(|^|) 1/2+i (|fl 2 r 1 diam(fl 2 U S 2 ))-< 1+a » (j|±j) 1 (Iftr'diamffl, U Si)) - " 

which is again no larger than the desired bound. 

Now, with the assumption, we further decompose ^2,3 with respect the variable t\ 
in the following way: 

^2,3 = ^2,3,in + 1p2,3,out 

fl) We prove first that ^2,3,m, when considered in the variables ti, x±, is adapted to 
A1S1 x Ai5i with constant 

3/4 



and order N 2 = [N 1 ^ 2 ]. Again, we prove this bound for the function, while the work 
for the derivatives follows in a similar way. 

The support of ip2,3,in i n the variable t\ is in AiSx- Then, for all ti G A1S1 and all 
t2,x, we have by the extra assumption, 

\ip2,a(t,x)\= / d tl i)2^{r,t 2 ,x)dr 



< C|t 1 | J D Al | 5l |$(t 1 )||^ l( /> 2i3 (-,t 2 ,a;)|| 00 < CX 1 \S l \ \\d tl i> 2>3 {;t 2 , x)|U 
< C7Ai|S , i||fli|- 3 / 2 (|fli|- 1 diam(fli U S^)' 1 * (p(t 2 , x) 
with similar calculation as we did in c.l) and where is an L 2 -normalized bump 
function adapted to R 2 x S. 

Moreover, by lemma [5731 in the variable Xi, we have that ip is adapted to R± x (A1S1 x 
S 2 ) with constant C\f 2+1 ^ 2 . Therefore, 

1^2,3,^(^)1 = l^ai^x^s^gjt^l 



< CX 1 \S 1 \\R 1 \-^ 2 (\R 1 \- 1 dmm(R 1 U 5 1 ))" JV Af a+1/2 $ e a^i^&Wa^x^i) 



32' 

\-N\N 2 +l/2f 

32 ' 

< c(^) 3/2 (|i? 1 |- 1 diam(i? 1 U S 1 ))- W Af 2+2 
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\^lSl\~ 1/2 ^8_x 1 S 1 i t i-) { PS2i t 2) r ipX 1 S 1 xS 2 ( x l) 

Moreover, similar calculation as the one carried out in c.l), shows that 

(^) 3/2 (|^i|- 1 diam( J R 1 U Si))~ N \?* +2 < C (l^rMiam^ U S^y 7 

which is the bound we were searching for. 

Moreover, ^2,3,^1 is of tensor product type, and then, we can write that if)2,3,in(t, x) = 
0Ai5i(ii)0_R 2 {t2)i^x 1 s 1 {.x\)ips 2 (x 2 ) where ips 2 is a bump function with mean zero, <ps 1 is 
a bump function adapted to \\S\ with constant 

/ I O I \ 3/4 

(12) c \w\) (i^ir ldiam (^i u ^i))~ 7 

and ip\ 1 s 1 has mean zero and it is adapted to A1S1 with constant C. 

On the other hand, in the support of tp 2 ,3 we have that |i 2 | > diam(S 2 U i? 2 )/4 
while \x 2 \ < ^|S , 2| 1 ~ 6 'diam(i?2 U S 2 ) e . This implies 2|x 2 | < \t 2 \ and so by the integral 
representation of the restricted operator Tf 2 X2 we have 

A(V>2,s) = / <pR 2 (t2)ips 2 (x 2 )(T? ((px 1 s 1 )^x 1 s 1 )dt 2 dx 2 



(pR 2 (hys 2 (x 2 )((Tl tX2 - Tl iQ )((f) XlSl ),i/; XlSl ) dt 2 dx 2 

due to the mean zero of ips 2 - Since 2\x 2 \ < \t 2 \, we can apply the mixed WB-CZ 
property and so, with the bound calculated in (jl2]) . we can bound this by 

// I o I \ 3/4 I I s 

\i>R 2 (h)\\^ S2 (x 2 )\C \L±j (\R 1 \- 1 dmm(R 1 U S,))- 1 dt 2 dx 2 

Finally, by similar work as in as we did in the case b), we can estimate the integral 
and obtain the bound 



C'(^) 3/4 (|i? i r 1 diam( J R 1 U 5 1 ))- 7 (^) 1/2+ "'(| J R 2 r 1 diam(i? 2 U S 2 )Y^ 



f2) We now work with ip 2 ^ tOU t- Similarly as in previous cases c.2) and e.2), we can 
assume that J|Ai|Si| < 2 ^i\Ri\- By the extra assumption again, we have 

\ip2,3,out{t,x)\ < \ip 2>3 (t,x)\ = / d tl ipi, 2 {r,t 2 ,x) dr 

Jo 

< C r |t 1 |||$ 1 V>2,3(- > *2,a?)||oc 

< C'|t 1 ||i2 1 |- 3 / 2 (|it: 1 |- 1 diam( J R 1 U t 9 1 ))- jV V'5 1 (^i)V'ii 2 x5 2 (t2^2) 
where, similar as before, iftsi is adapted to S 2 and ipR 2 xS 2 is adapted to R 2 x S 2 . 

On one side we have the following: due to the support of 1^2,3, then \ti\ < /xi|i?i|/2; 
and due to the support of ip2,3,aut, we have that |sci| < ^Ai|5i| while > JjAilSiJ. 

On the other hand, due to the support of ip 2 3 , we have \t 2 \ > fi 2 \R 2 \/4 = diam(i? 2 U 
S 2 )/A and \ Xi \ < j^\ 2 \S 2 < ||5 2 | 1 - diam( J R 2 U S 2 ) e . 
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Therefore, in both cases 2\xi\ < \U\ and so, we can use the Calderon Zygmund kernel 
representation 

J i>2,3,out(t, x)K(x, t) dtdx 
Using the mean zero of ip2,3,out hi the variables x« we can rewrite the above integral 

as 

J V>2,3,o«t(*, x)(K(x, t) - K{{x u 0),t)- K{{0, x 2 ),t) + K{0, t)) dtdx 

Since 2\x{\ < \ti\, we can also use the smooth property of a product Calderon- 
Zygmund kernel and the constant as bump function of ip 2 ^,out and 4>s 1 , <Pr 2 xS 2 to 
estimate the last display by 



\ X1 \ S 


x 2 \ 


8 




1+5 \t2\ 


1+8 



C I MRxl-VWRxl^dmmiRt U S 1 ))- N \^s 1 (xi)\\^R 2 xs 2 (t 2 ,x 2 )\ ± ^ i ^ dtdx 

low, using \t 2 \ > ij, 2 \R 2 \/A. 
estimate the last display by 



Now, using \t 2 \ > /X2I-R2I/4, /ii|-Ri|/2 > > •^A 1 | J S'i| and < -^\i\Si\, we can 



C|i2ir 3 / 2 (|i2ir 1 diam(i2 1 U5 , i))- iyr |5'ir 1/2 / f 

^[xi|<^Ai|Si| J4 



4|Ai5i|<|ti|<iAti|Ki| 1*1 



dt\ 



|5 2 | (1 - e)5 diam( J R 2 U S 2 ) 65 dmm{R 2 U S^' 1 -" 1 



12) \\yjR2xS 2 \\L 1 (R 2 ) 

< CI^I-^d^l-Miam^ U S 1 ))- iY |5 1 |- 1 / 2 (A 1 |S 1 |) 5+1 (( / i 1 | J R 1 |) 1 - 5 - (A^l) 1 - 5 ) 

l^^-^diam^ U S^-^IR^IS^ 2 

< c(^) 1/2+S ' (\R 1 \- 1 diam(R 1 U 5 1 ))- 7 (^) 1/2+5 '(| J R 2 r 1 diam(i? 2 U S 2 ))- (1+5,) 
with similar calculations as in the cases b) and c.l). 

We end the proof of Proposition 15.41 by dealing with the error terms. We only 
check that the factors c\{t,x 2 ) = c±(t, x 2 )^ a x 1 s 1 (xi)(l — ^a\ 2 s 2 (x 2 )) and c|(t,xi) = 
c 3 (t, Xi)§ a \ 2 s 2 (x 2 ) are small enough being analogous all the other ones. In a similar 
way we obtained equality (El), we now have 



c 3 (t,xi) = -c\S 2 \ 1 J 4> out (t,x)(l - ^a\ 2 s 2 (x 2 ))dx 2 
and so / C3(t,xi)dxi = 0. Since also J ipi,i(t,x)dxi = we have 

Ci(t,X 2 )(l-§ a \ 2 s 2 (x 2 )) J § a \ lSl {xi)dXi = -(l-$ a x 2 S 2 (x 2 )) J ^{t, x) (l-$aAiSi {xi))dxi 

and thus 



\c 1 {t,x 2 )\\ 1 \Si\ < \ \ip(t,x)\dxi 

J\xi\>a\i\Si\ 

<C\Si\~ 1/2 / (l + \S 1 \- l \x 1 \)- N dx 1 (j)(t,X 2 ) 

J\xi\>aXi\Si\ 



A T(l) THEOREM ON PRODUCT SPACES 39 

<CX 1 - N \S 1 \ 1 / 2 ( p(t,x 2 ) 

that is, 

\ci{t,x 2 )\<C\ l - N \S l \- 1 ' 2 ct ) {t 1 x 2 ) 
where is a L 2 -normalized bump function adapted to R x S 2 . With this we have that 

\c l (t,x 2 )^ aXlSl (x 1 )\ < L7Ar JV 0(t,x 2 )|5 1 |- 1/2 $ QAl5l (x 1 ) 

with |5'i| _1 / 2( J > q ,a 1 5 1 a bump function L 2 -adapted to Si. By lemma I5TTI this shows that 
\ci(t,x 2 )§ a \ 1 s 1 (xi)(l — & a \ 2 s 2 (, x 2))\ is adapted to R x R with a gain of constant of 

CX ' N (^) eAr (i^r ldiam (^ u s i)r 6N 



and by the definition of Aj this equals 



CflS^diam^ U S 1 ))" 97V (^i) tfJV (| J R 2 r 1 diam( J R 2 U S 2 ))- m 
= c(i-[) n (|i2 i |- 1 diain( J R i U Si))"'" 

I I i=l,2 

which is smaller than the required bounds. 

Symmetrically we have that since also J tpi t i(t,x)dx 2 = 0, 

C 3 (t,Xt) J <& a \ 2 S 2 (x 2 )dx 2 = -(1 - <&a\ 1 S 1 (xi)) J 1p{t,x)(l - <§> a \ 2 S 2 {x 2 ))dx 2 
-®a\ 1 S 1 (xi) J C 1 (t,X 2 ){l ~ ^ a \ 2 S 2 {x 2 ))dx 2 

The first term in the right hand side can be treated in a similar way we did before and 
obtain 

|(1 -$ aXl Si{xi)) [ ?P(t,x)(l-$ a x 2 s 2 (x 2 ))dx 2 \ < C\ 2 ~ N \S 2 \ 1/2 (l-$ aXlSl (xi))<P(t,xi) 



8N 



For the second term, we use the definition of Ci(t, x 2 ) = — c\Si\ 1 f ■ifj(t,x)(l—& a \ 1 s 1 (xi))dxi 
to bound by 

^a\ 1 s 1 (xi) 



Ai|5i| 




ip(t,x)(l - $ aAl 5 1 (a;i))dxi(l - <& a \ 2 s 2 {x 2 ))dx 2 



< g^L^ij / r(/..r)|r/.r,r/.r, 

Xi\>a\i\Si\ 



\i\Si\ 

< C $ ^^) |g ir V2|g 2 |-i/2 /" (l + |S 2 |- 1 |x 2 |)^(l+|S 2 r 1 |x 2 |)- JV C /x 1 rfx 2 

A l|^l| 7|x l |>aA l |5 l | 



< ( ' Z^L^l) Ar ^A 2 - JV |5' 1 l 1 / 2 |5' 2 | 1 / 2 0(t) 



"Ai|Si| 

where is a L 2 -normalized bump function adapted to i?. 
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Both things together imply 
\c 3 (t,x 1 )\X 2 \S 2 \<CX 2 - N \S 2 \ 1 ^(l-^ lSl (x^^ 

Ai|oi| 

and so 

\c 3 (t, Xl )\ <c\ 2 - N \s 2 \- 1/2 <Kt, Xl ) + cx 1 - N x 2 - N \s 1 \~ 1 / 2 \s 2 \- 1 ^^ aXlSl (x 1 )^t) 

With this we have that 

IcsfozOSaAafcfca)! < CX 2 N (f)(t, X X ) (1 - <5> aXlSl (xi)) 1 S 2 r V2 $ a A 2 S 2 (x 2 ) 

+CAr JV A 2 - Af |5 1 |- 1 / 2 $ aAl5l (x 1 )|5 2 |- 1 / 2 $ aA252 (x 2 )0(t) 

with |S'j| _1 / 2 $ Q ,A i 5 i a bump function L 2 -adapted to S^. This shows that the function is 
adapted to R x R with constant 

, 0N 

\Ri\ 

where we have used Lemma 15.11 for the first term, which is analogous to the previous 
case. The second one is also all right since by definition of Aj we have 

C\± N \ 2 N = C \\ (|5 i |- 1 diam( J R J U #)) _<W 



C\^ N (\^X 1 \\R x \- 1 di S jxi{R 1 U S^y™ + CX[ N \ 2 N 

\\Rt\ / 



i=l,2 

-0JV 



/ LSI \ 6W _ 

II ^1 ^diam^U^))- 



8=1,2 



□ 



6. Proof of the main result 



Theorem 6.1. (L 2 boundedness) . Let A be a bilinear Calderon-Zygmund form satis- 
fying the mixed WB-CZ condition. 

We also assume that A satisfies the weak boundedness condition, and the special 
cancellation conditions 

A(l, ® ifo) = A(V>i ® V2, 1) = A(^i ® 1, 1 ® -02) = A(l <g> Vr, i) 2 ® 1) = 

/or a// functions ipi G <S(R) iyit/i mean zero and 

A(/i ® 1, 5-1 ® V) = A(l (8) / 2 , ip ® 92) = A(^ ® / 2 , 1 <8> o 2 ) = A(/i ® V, 5-1 ® 1) = 

/or all functions fi,gi G cS(R) and a// £mmp functions if) G <S(R) mean zero. 
Then A , A 1; A 2 are bounded bilinear forms on L 2 . 

Proof. Because of the symmetry on the hypothesis it is clear that we only need to prove 
the result for A. We decompose the frequency plane in the standard way to obtain first 
a Littlewood-Paley decompositon and later a wavelet decomposition. 

Let (f) G <S(R) be an even function such that (f> is supported in {£ G R : |£| < 2} and 
equals 1 on {£ G R : |£| < 1}. Let if) be the function if>(x) = <f){x) — l/20(x/2). Then if) 
is supported on the annulus {£ G R : 2 _1 < |£| < 2} and moreover ^ fceZ '0(C/2 fc ) ~ 1, 
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for all £ 7^ 0. We define the Littlewood-Paley projection operators in M given by 
Pk(f) = f * D\_ k ip and P< k (f) = f * D l 2 _ k <f). We observe that lim fc _ >0O P< fc (/) = / 
while linifc^oo P<_fc(/) = where in both cases the convergence is understood in the 
topology of «S(R). 

We consider now their counterparts in the biparameter case: for k G Z 2 , 

P fc (/) = / * (Dj^V ® P< fcl)fca (/) = / * {Dl- kl <t> ® Dj.^) 

P fcl ,< fe2 (/) = / * ® ^- fc2 0) P< fc (/) = / * PJ-*^ ® ^- fc2 0) 

which satisfy lim^oo P<k(f) — f in the topology of 5(IR 2 ) while the other three oper- 
ators tend to zero in the same sense. 

For iV G N, let Atv be the bilinear form given by 

Aiv(/,<?)= Yl A (Pjf,Pk9) 

\ki\,\ji\<N 

where k,j G Z 2 . We see that for all f,g G 5(IR 2 ) we have A(f,g) = lim^^oo A^(f, g): 
unfolding the sum in A^v, we have 

Ajv(/, g) = ^-(P<(N,N)f, P<(N,N)9) - A(P<(_(jv-l) _(jv_i))/, P<(AT iA r)5f) 

-A(P<(iV,JV)/, P<(_(JV-i) -(N-l))g) + A(P<_(jV-l,jV-l)/, -P<-(JV-1,JV— 1)5^) 

and by the continuity of A we have that the first term tends to A(/, g) while the other 
three tend to zero. 

Let us now consider the family of intervals co^ = [— 2 fcl+1 , — 2 kl ~ 1 ] U [2 fci_1 , 2 fcl+1 ]. 
Since Pfc(/) has Fourier support in uj k = x w fc2 , we have by Shannon's sampling 
theorem that 

R 

where the sum runs over all dyadic rectangles R = R\ x R 2 such that |Pj| = |cjfcj _1 
and the convergence is understood in the topology of 5(IR 2 ). Moreover, the functions 
i>R,u) h satisfy that ipR, Uk = ^R u u kl ®4 ) R 2 ^ k2 where ipR,,^ are Schwartz functions such 

that supp^^ )ajfc C uiki and e~ 2mc ^ Uk ' ^ R . j0Jk are bump functions adapted to Pj. From 
now we drop the index Uk in the notation of i[)r. 
Then by continuity of A in iS(IR 2 ), we can write 

A(/,<7) =J2MPjf,Pk9) = J2(fM(9^s)A(^R^s) 

k,j R,S 

where now the sums run over the whole family of dyadic rectangles in IR 2 . From now 
we work to obtain bounds of the last expression when the sum runs over finite families 
of dyadic rectangles in such way that the bounds are independent of the particular 
families of rectangles. Because of the rate of decay of Corollary 15.51 we parametrize 
the sums according to eccentricities and relative positions of the rectangles: 

Y,(fM(g,il>s)MMs) = EEEE E (fMteMMMs) 

R,S i=l,2e l eZm l eN R S 6 R e , m 
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where for fixed eccentricities e;, relative distances m,; and every given rectangle R, we 
define the family 

Re,m — {S '■ — 2 6 *|iSi|,77ii < max(|i?j|, |S'j|)~ 1 diam(_Rj U Si) < rrii + 1 for i = 1, 2} 

Notice that by symmetry the product family {(R, S) : S G -R e ,m} can also be parame- 
terized as {(R, S) : R G SL^} with analogous definition for 5_ eim . 

We denote by the three first sums over parameters. By Lemma [53] and Cauchy's 
inequality, we bound the previous quantity by 

EE E \MMs)\\(f,M\Ms)\ 

p R se R e , m 

^EE E a-^i+wJ^K^-^K/.^ll^^)! 

P R S 6 R e ,m 

<X)2-'- + *'^(m 1 m 2 )-^(X;E K/'^)| 2 ) 1/2 (E E l^^)| 2 ) 1/2 

Now, for every fixed i2j and each G N there are 2 max(ei '°) dyadic intervals 5*j such 
that \Ri\ = 2 ei \Si\ and m ; < max(|i?j|, |5'j|)~ 1 diam(i?j U Si) < + 1. This implies 
that the cardinality of R ei ,mi is 2 max ( ei '°)2 max ( e2 ' ). For the same reason, the cardinality 
of S^ m is 2 max (- e i'°)2 maxl (- el2 ' ) = 2- min ( ei '°)2- min ( e2 >°). Then, the previous expression 
coincides with 

1 /2 

2-|ei+e 2 |(i/2+<5)( mim2 )-(i+5) ^2 max(ei ' 0) 2 max(e2 ' 0) E K/'^)| 2 ) 



2 - min( ei ,0) 2 - min(e 2 ,0) ^ | ^ 



1/2 



< JJ ^ 2 " |e!|(1/2+,5) 2 max(ei ' 0)/2 2 _min(e! ' 0)/2 E m » 7(1+<5) ll^ll 2 II^H 2 

i=l,2e, ; gZ m 4 eN 

= (^2-H^m-(^)) 2 || / || 2 ||,|| 2 

eeZ m£N 

since 2 max ( ei,0 )2 _min ( e ''°) = 2' 6i ' 



7. Extension to L p spaces 

As said in the introduction, the weak L l estimates are no longer true in the multi- 
parameter case. So, in order to prove L p bounds we cannot apply to our operator the 
classical method of interpolating between L 2 and the weak L 1 estimates. Instead, we 
follow the steps of the previous proof and perform again a decomposition of the dual pair 
which will be controlled by multi-parameter square functions whose L p boundedness 
follows from weak L 1 bounds in the uni-parameter case. 
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Definition 7.1. Given a L 2 (M. 2 ) -normalized basis (i/jr)r, we define the double square 
function by 

\(f^R)\ 2 V/ 2 



ss(f)=(J2 



\R\ ~ XR 



R 

d2 



where the sum runs over all dyadic rectangles R in 

See [7] and specially [18] for a proof of boundedness of SS on L P (IR 2 ) with 1 < p < oo. 

We also need to consider the following modified double square function 
Definition 7.2. Let k e Z 2 , n e N 2 . We define 

ss t M)(*) = (E E 



-R SERh,: 



where for every dyadic rectangle R, Rk, n is the set of dyadic rectangles S such that 
|i*|=2*|S t | andn^ ^^ K^ + l. 

We notice that the double square function corresponds to the values hi — 0, rij = 1. 
We also notice that whenever fc, > we have \Si\ < \Ri\ and so, 

us) om/)(*> = (E E ^x s m) i/2 = (E</.« 2 E ^' )v ' 2 

B SERk.n R S£Rk,n 



R 



where S is the dyadic rectangle such that \Si\ = \Ri\ and |i?j|~ 1 diam(S'i U Rj) = rij. 

We state in the proposition below boundedness of this modified square function. Its 
proof follows directly from the analogous result in the uni-parameter case and so, for 
the sake of completeness, at the end of the paper we include an appendix in which a 
proof of this result in the uni-parameter case can be found (see Proposition 19.31) . 

Proposition 7.3. For every 1 < p < oo, 

\\SS k M)\\ LP(m <C P H (2^ sign (|- 1 )log(n i ) + l) l l- ll \\f\\ LPm 

i=l,2 

Proof. Given fc £ Z 2 and n e N 2 , let TT^ be the operator defined by 

TT k>n (f)(x)=Yl E (fMM*) 

R SERk,n 
S R£S-k,n 
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where the relationship between R and S is the same one given in the definition of 
the modified square function. Now we see how the double square function of TT kn (f) 
relates with SS kin (f). On one side, 

2 X5 (x)\l/2 



SS(TT kjn (f))(x)=(j2( E </'Vfc> 



\S\ 



S R£S-k,n 

>(£ E </.« 2 ^) 1/2 = ssu/)w 

On the other side, because the cardinality of S- kuni is 2- min C £ "°), we have 

s i?es_fc,„ 



SS(TT kin (f))(x)=(£ l ( E </»^> 



|5| 
s(x 

s Res_ k:n 1^1 

_ 2-(min(fci,0)+min(fc 2 ,0))/2^.^ n (/)(x) 

Moreover, by linearity 

TT M (/)(i) = ^(/,^)^(x) 

= E E ^E E (f^Ba^SaM^a^lf/Siix!) 

Si Rl£S-k 1 ,n 1 S2 R2&S-k 2in2 

= T kl ,n 1 (Tk 2 ,n 2 (f)(-,X 2 ))(xi) 

where T khUi (g) is defined in the obvious way 

T kuni (g)(xi) = E E (a^Ri^sAxi) 

Si RiGS—k^^ n ^ 

while T fc2i „ 2 (/)(xi,x 2 ) = ^^(/^(a^) and / w (j/ 2 ) = 2/2)- 
By the first inequality above, we have 

\\SS k ,n(f)\\LP{R' 2 ) < \\SS(TTk jn (f))\\ LP g Si ^ 
~ ||TTfc,n(/)||LP(R 2 ) 

and we just need to bound the last norm. Now, Corollary of Proposition 19.31 gives us the 
boundedness result in the uni-parameter case. If we denote by C p ^,n = 2~ min ^ fc '°^ 2 2 fc//2 (log 

l) 1 ! -11 for k > and C pAn = 2- min ( fc '°)/ 2 2- fc / 2 (2" fclSign( l" 1) + log(n) + l) 1 !" 1 ' for k < 0, 
then we have 

||7fc i ,n<(/)IU p (R) ^ C P \\S(T kitni (f))\\LP(M.) 
< C p 2 _mm(fcl ' 0)/2 ||S'fc iini (/)|| LP (i;) < C Pik ^ ni \\f\\ LP (u) 
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Therefore, we finally obtain 



|^fe,n(/)IUf(K 2 ) = ( / \\ T ki,n 1 (Th 2 ,n 2 (f)(-,X 2 ))\\ P LPm d3C 2 j 

~ ( / CpM,ni \\ T k 2 ,n 2 (/)(•> x z)\\ P LP(R)dX2) 
= Cp,fei,ni ( / \\Tk 2 ,n 2 (f)(%li OIIlpORI^I 



1/p 



Cp,fei,ni ( / ||-^fc2,Ti2 (/xi ) II LPfR)^ 1 

aCp,k 2 ,n 2 Wfxi IIlp(R)^ 3 ' 1 



1/p 
1/p 
1/p 
1/p 



< r* 

— Cp,fci,niCp,fc2,n 2 II J l|LP( 

Now we turn to the main result of this section. 

Theorem 7.4. (LP boundedness). Let A be a bilinear C alder on- Zygmund form satis- 
fying the mixed WB-CZ condition. 

We also assume that A satisfies the weak boundedness condition, and the special 
cancellation conditions and the special cancellation conditions 

A(l, Vt ® ifo) = AOi ® ^2, 1) = A(^i ® 1, 1 ® -02) = A(l g> Vi> V>2 ® 1) = 
/or a// functions if>i G <S(R) mean zero and 

A(/i ® 1, Pi ® VO = A(l ®f 2 ,ip® 92) = Hip ® / 2 , 1 ® 02) = A(/i ® V, 01 ® 1) = 

/or all functions fi,g% G 5(R) and a// frtzmp functions if) G <S(R) witt mean zero. 
Then Ao, Ai, A2 are bounded bilinear forms on L p . 

Proof. Again, we prove the result only for A. As in previous theorem, we use a L 2 - 
normalized wavelet expansion of the functions appearing in the dual pair, we parame- 
trize the terms accordingly with eccentricity and relative distances in exactly the same 
way and we apply Lemma 15.51 to obtain 

I A(/, g) I < I A (^> Vfc) 1 1 (/, 1>r) 1 1 (0, ^s) I 

R,S 

<^EEE 2Hei+e2l(1/w) M HW) E £ \(fM\\( 9 M\ 

i=l,2 eieZmjeN i? Sei? e 



where R e , m is the set of dyadic rectangles S such that \Ri\ = 2 £i \Si \ and n« < ^^j^rf^ < 
Hi + 1. Notice that S* G i? e ,m if an d only if i? G S^ m . 

Now, we denote by A" = K\ x A" 2 the rectangle minimum, that is, such that Ki = Ri 
if \Ri\ < I Si I and Ki = Si otherwise. This way, the inner sum can be rewritten as 

v f \(fM\ \(9M\ (x)dx 

(fi,S)€P e , m 
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<-JJj: e ^f-<(E e «^)f- 



In order to build up the modified square functions, we denote by k, k' G Z 2 the 
scale parameters fc, = max(ej,0), k' { = — min(ej,0) and by n,n' G Z 2 the translation 
parameters = mj, n! i = 1 if > while = 1, n\ — rrii if et < 0. Notice 
that 2 max ( e "°)2~ mm ( ei '°) = 2' 6i ' and = rrii. Therefore, previous expression can be 
rewritten as 

(14) / SS kjn (f)(x)SS k/tn >(g)(x)dx 

Jr 2 

We show how to bound the first factor. By the choice of K we have that \Ri\, \Si\ > 
\Ki\ which is why ki > and k\ > 0. Then, as we saw before in ({131) 

ss k M)(x) = 2 {kl+k2)/2 sSoAf)(x) 

This implies that expression ( fT4l) is equal to 

2 max( ei ,0)/2 2 max( e2 ,0)/2 55o ^^^^) 2 -min(e 1 ,0)/2 2 -mm(e 2 ,0)/2 55o ^^^ x ^ ;r 

<2 (|ei|+|e2|)/2 ||^o,„,(/)|| LP(R2) ||^(^)||^ (R2) 

According to the boundedness of the modified double square functions given by Propo- 
sition 17.31 this can be bounded by 

Cp2 (M+|e 2 |)/ 2 "Q (log(n .) + I)l|-H(log(n0 + l) l ^\\f\\ LP(R2) \\g\\ LP , 

i=l,2 

= c p 2(i ei i+i-D/ 2 J] (bgK) + if^ ll \\f\\ L p m \\g\\ L ^ 



i=l,2 

< Cp2 (| ei | + |e 2 |)/2-Q m; lI-l| ||/|Up(M2)|k|Lp , ( 
i=l,2 

Then, putting everything back together, we have 
\Hf,9)\ < C pJ2J2J2 2- (|ei|+|e2|)(1/2+5) K^2)- (1+5) 2 (|ei|+|e2|)/2 (m 1 m 2 ) e| f- 11 

i=l,2 ei&rrii&i 

= °p n E 2_iei15 e m ~i {1+5 ~ elhll) \\fh^\\9\\ LP ' {m < Cpii/ii^ibii^) 

i=l,2 ei 6Z m^eN 

as long as el - — 11 < 1 + 5. 
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8. The general case: different types of paraproducts 

We devote this last section to the extension of the previous theorems to the general 
case, that is, the proof of boundedness for singular integral operators that do not 
satisfy the special cancellation properties. As in the classical case, this is done by 
constructing appropriate paraproducts. But in the multiparametric case, the process 
is more involved not only because we need more paraproducts (three different types in 
total) but also because these paraproducts cannot be independent each other. 

In particular, let bi with i = 1, ... ,4, be four functions in BMO(IR 2 ) and bi with 
i — 5, . . . , 8, be four functions in BMO(M). Let also A be a bilinear form satisfying the 
hypotheses of Theorem [2J2 such that A(l<gl, •) = b x A(-, 1(g) 1) = b 2 , A(-<gl, 1(g)-) = b 3 , 
A(l (g •, • <g 1) = 64 and so on. 

In order to prove boundedness of A, we construct eight bilinear forms Aj organized in 
three different groups in such a way that their associated linear operators are bounded 
and moreover they recover the functions 6«, in the sense that for example A^lcgl, ■) = 
bi, while the bilinear form vanishes in all other possible cases, namely, A^-, 1 (g 1) = 
A bl (• <g 1, 1 (g •) = and so on. 

This way the bilinear form A = A — £\ A^ satisfies the eight special cancellation 
hypotheses of Corollary 15.51 and so, by applying the corollary, we deduce that A is 
bounded. Moreover, since every A^ is also bounded by construction, we finally obtain 
boundedness of the initial form A. 

Before we start with the construction of paraproducts, we present a lemma that in 
some way shows that the sufficient conditions we have used in the main theorem are the 
right ones, while it also justifies the paraproducts we will define later on. For the sake 
of simplicity, we write the proof only for operators that preserve the space support, 
since then the error terms are zero and then the expression can be written by means 
of the Haar basis. 

Let (hj)j the Haar basis in M defined by hi = \I\~ l l 2 Xii ~ \I\~ 1 ^ 2 Xi r where and I r 
are the children intervals of /. Let (h R ) R the Haar basis in IR 2 defined by h R = h Rl ®h R2 . 

Lemma 8.1. Let T : C^°(1R 2 ) — > C be a linear mapping continuous with respect to the 
topology in C^°{R 2 ), such that suppT(/) C supp/. Then 

(T(f),g) = h R ) (g, h R )(T(h R ), h R ) 

R 

+ < & h n) h R , T (!)> + < I>> M h R>hn , T*(l)) 

R R 

+< h Rl h 2 R2 )(g, h R h R2 )h R ,T 1 (l)) + ( h 2 Rl h R2 )(g, h Rl h%)h R , T*(l)> 

R R 

+ h *A)(9, h Rl h R2 )(T(h Rl ®l), h R )+J2(f, h Rl h R2 )(9, h Rl h%) (T \h Rl ®l) , h R ) 

R R 

+ > h Ri hR i ) h Ri h R2 }( T ( 1 ® h R 2 ), h R)+Y(fi h Ri h R 2 ) (9, h Rl h R 2 ) ( T * (1®^ ) > H r) 

R, R 



48 



SANDRA POTT AND PACO VILLARROYA 



Remark 8.1. The formula for more general operators includes some error terms whose 
contribution is smaller than the one described in the previous statement. 

Let (ip R ) R be a wavelet basis in M. 2 and for every rectangle R, let ip R be a bump 
function ^-adapted to R and of mean one. Then, such a general formula can be stated 
in the following way: 

n&L 2 R 

+ (J2(f^R)(9,h R n)^ R ,T(l)) + ... 

R 

+ ^f^ R A)^^R^Rl){T^ Rl ®l)^Rn ) + ...) 

R 

where Rf = Ri + ni\Ri\. The leading term is associated with n = 0, which is the one 
appearing in the statement of the lemma. 

Proof. Since suppT(h R ) C supp h R = R we have 

(T(f),g}= fR9s(T(h R ),h s ) 

where f R = (/, h R ) and the same for the function g. 

Now, given two dyadic rectangles R, S such that R fl S ^ there are only nine 
different possibilities, namely, 

1) R = S, which leads to (T(h R ), h R ) 

2) R C S, which gives T*(l) 

3) S C R, which analogously gives T(f ) 

4) R < S, meaning R± C S± and R2 C S2, which leads to 71(1) = T£(l) 

5) S < R, meaning Ri = Si and R2 C S2, which leads to T*(l) = T 2 (l) 

6) Ri = Si and S 2 C i? 2 , which leads to (T(h Rl ® 1), h Rl ® h R2 ) 

7) Ri = Si and R 2 C S 2 , which leads to (T(h Rl cg> h R , 2 ), h Rl <S> 1) 

8) Si C i?i and R 2 = S 2 , which leads to (T(l ® /iR 2 )> ^Si ® ^2) 

9) i?i C Si and R2 = S2, which leads to {T(h Rl ® /iR 2 ), 1 <8> /iR 2 ) 

Then the decomposition of (T(f),g) is obtained as follows: from 1) we get directly 
the first term 

^2fR9R(T(h R ),h R ) 

R 

From 2) and 3) we get the two following terms (we only write the second one) 

E E Mm*), h s ) = e /*< ( E J** Mx*)> 

ii RCS R RCS 



= J2fR(T(h R ),m R (g)) =^ f R m R (g){T(h R ), 1) =^f R m R (g){h R ,T*(l)) 

R R R 
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J2fRm R (g)h R ,T*(l) 

R 

where we write m R (g) = (J2r c s 9s h s )xR = (g, h R ) = \R\~ l j R g(x)dx. 

On the other hand, from 4) and 5) and using the partial adjoints T, we get the two 
following ones (we only write the fourth one) 

Y Y fR9s(T(h R ), h s )=YY fR9s(T 2 (h Rl ®h S2 ), h Sl ® fn 2 ) 

R R<S R R<S 

= ( T 2(h Rl ®h S2 ),( Y fR9sh Sl ® h R2 ) 

XRixS 2 

Ri,S 2 RiCS 1 ,S 2 CR 2 

= Y ( T 2(^i ®W» ( Y (9s 2 )s 1 h Sl ) ® ( Y (fRi)R2 h R2)XRixS 2 
Ri,S 2 fliCSi 52C-R2 

= ( T 2(^i ® h s 2 ),m Rl (gs 2 )m S2 (f Rl )) = Y m RA9s 2 )m S2 (f Rl ){T 2 (h Rl ® hs 2 ), 1) 

Ri,S 2 Ri,S 2 

= (Y m S 2 (fRi) m Ri(9s 2 )h Rl <8>/ls 2 ,T 2 *(l)) = (Y m R 2 (fRi) m Ri(9R 2 )hR,T 1 (l)) 
Ri,S 2 R 

From 6) 7), 8) and 9) we get the remaining terms (we only write the sixth one) 

Y Y fR9s(T(h R ),h s } = Y Y fR9s(h R ,T*(h s )} 

S Ri=S!,S 2 cR 2 S Ri=Si,S 2 cR 2 

= Y 9s (( Y fsixR 2 h Sl xR 2 )xs 2 ,T*( y h s )^ = Y 9s (( Y (f' h SixR 2 )h Sl ®h R2 )xs 2 ,T* 

S S 2 CR 2 S S 2 CR 2 

= Y 9s ( hs i ( Y (f' h SixR 2 )h R2 )xs 2 ,T*(h s )^ = Y9s(h Sl <g> m S2 (f Sl ), T*(h s )) 

S 1 S 2 CR 2 ' S 

= Y m M^3s{h Sl <g> l,T*(h s )) =Y^s 2 (f Sl )9s(T(h Sl ® l),h s ) 
s s 
We start now with the construction of paraproducts. We need up to eight of such 
operators but by symmetry it will be enough to show only three of them. In particular, 
we construct the paraproducts associated with T(l), Ti(l) and (T(ip Rl <8> l),^). 

Lemma 8.2. (Classical paraproducts). Given a function b in BMO(IR 2 ) ; there exists 
a bounded bilinear form Al such that 

(1) A£(l ®l,ip) = b, A.l(ip, 1 ® 1) = for every ip G 5(IR 2 ) with mean zero 

(2) Aj(^i (g) 1, 1 <S> 1^2) = A£(l Qifti, 1^2 <S> 1) = for every e «S(R) wzt/i mean zero 

Proof. Let (^z)/ be a wavelets basis on L 2 (M) Let (ip R ) R be the wavelets basis on 
L 2 (IR 2 ) defined by ip R = ip Rl <S> ip R2 - We denote by </?/ a bump function adapted to I 
such that if} is adapted to an interval of measure comparable with and center the 
origin. Let finally (p R = ip Rl (g) <p R2 . 
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We define the bilinear form 

Wf,9) = 'Z l (b,'l>R)(f,<PR)<9,'l>R) 
R 

which, to simplify notation, we will just denote by A& during the proof of the lemma. 
At least formally, A b satisfies 

A h (l,g) = (g,b) 

A b (f, 1) = Aft(/i <g> 1, 1 <g> g 2 ) = A 6 (l <g> / 2 , pi <g> 1) = 
being the proof trivial in all these cases. 

For the proof of their boundedness we proceed by using the duality /J 1 (IR 2 ) — 
BMO(IR 2 ). Since 

R 

= (b,^2(f,(PR)(g,il>R)il>R) 

R 

we have 

\Mf,g)\ < I|6||bmo(r2)II ^2(f, i PR)(g,^R)'ipR\\m(R^ 

R 

Just assuming the sum is finite, we get that '52 R (f,'4>R)(g,'4>R)'tpR £ -ff 1 (M 2 ) and then 

II ^2(f,<PR)(9,*l>R)lI>R\\Hi<R») ~ \\S(^2(f,^R}(g,1pR}lp R )\\m 



R R 

with implicit constants independent of the number of terms in the sum. Now 



S(^(/,^>(<7,^>W)' 
R 



2XR1 ~ Xr 



2 



R 



\Ri\ I-R2 



<sup|(/,^ 1 ®^ 2 )| 2 E^^®^) 2A/ " V " J 
(M®M)(/) 2 (S®S)(s) 2 



where M <g> M and S <8> 5 are defined by the two previous expressions and are known 
to be bounded operators on L P (IR 2 ). Then finally 

\\ s (%2 (/» Vfl) (#> V'fl)^) II LHR 2 ) 

< \\(M ® M)(f)\\ LP ( R 2)\\(S <g) S)(g)\\ LP ' ( j St 2 ) < C||/|| LP(K2 )lkl| LP ' (R2) 

We still need to prove that this family of operators also belong to the class of op- 
erators for which the theory applies. In particular, we show that they have integral 
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representations like the ones stated in definition 12.21 with kernels satisfying the defini- 
tion of a product Calderon-Zygmund kernel 12. 11 We also prove the operator satisfies 
the weak boundedness Calderon-Zygmund condition stated in 12.81 From 

&b{f,g) = ^2(b,ipB)(f,¥R)(g,ipR) = / f{t)g(x)^2{b,if> R )ip R (t)i() R (x)dtdx 

R R 

we obtain the integral representation regardless disjointness of supports of the argument 
functions. Moreover, 

K(x,t) = (b^VR&M^R) 
R 

and we check the two properties of a product C-Z kernel: 

\K(x,t)\ < ||6||bmo(r2)|| ^2f R (t)i) R (x)tp R 

R 

As before, the if 1 -norm is equivalent to 



R K ' " R 

^2XR l {y^)\ l|2 



(is) = n / ($>^) 2 ^( x 



i=l,2" R z 



\Ri 



dyi 



Now we are going to use the fact that \<p Ri \ < |-Ri| _1 0-R 4 and \ip Ri \ < l-R^I -1 / 2 ^, 
where <p Ri is a bump function L°°-adapted to Ri of order N. 

If Xi,U e Ri, we take I Xiiti to be the smallest dyadic interval such that Xi,U G l Xi) u 
and let (Ik)k>o the family of dyadic intervals such that I Xitti C with |Jfe| = 2 k \I Xut .\. 
Then, since \tp Ri \ < and \ip Ri \ < iRi]" 1 ^ 2 , we can bound ffT5l) by 



E/ u (E^)%^E(E^) 1/2 iwu 

k>0 J1 k+iVk j>k 3 I .711 Jl fc > j>k 1 Jl 

= V ( V 1 ^1 V V| / I < _JL_ V — 2 fc < 



fc>o i>fc 1 ' fc>o 



X 7 ; t 7 ; 



On the other hand, if Xi ^ Ri, we decompose into dyadic pieces of the form 2 J |i^| < 
\xi — c(Ri)\ < 2 3+ \Ri\ for j > 1 and use, in a similar way as before, that \<f Ri \ < 
\Ri\~ 1 2~ jN . Actually, previous calculation shows that in this case we can bound (TT5]) 
by 

EE/ jE^f^^E^E^ 

ending the first condition. 



Xi ti 
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For the second one, we prove that 
\d tl d t2 K(x,t) \ + \d tl d X2 K(x,t)\ + \d Xl d t2 K(x,t) \ + \d xl d X2 K(x, t)\ < C JJ |^ - U 

i=l,2 

For expository reasons we deal only with the second term 

d tl d X2 K(x,t) = (b,^dt 1 <pR 1 {ti)<p R2 (t 2 )^R 1 (xi)d X2 ^R tt (x2)'il}R j 

R 

The four possible terms are not really symmetric since the averaging function if) R . only 
appear in the ti variables. So, sometimes the derivatives hit an averaging function while 
some other times they do not. However, it is the presence of derivatives of wavelets 
what produces the final estimates, regardless whether it is dt^R^U) or d^ipR^Xi). 
Actually, in all cases the derivatives increase by one the degree of the powers in \R\ 
involved and so, they have the same impact in all four terms. Let's see this point. As 
before 



\d tl d X2 K(x,t)\ < ||6||bmo(r 2 ) ^^i^fli(*i)^(^2)^Jii(»i)9 X2 ^j i2 (a:2)V'ii 



R 



H 1 



with the if 1 -norm equivalent to 

\\ S (^2 d tiVRi( t l)^R2( t 2)^R 1 (x 1 )d X2 ij R2 (x 2 )ijR 



R 



5^(^i¥'fli(*i)) 2 ¥'Jfe(*2) 2 ^fli(a:i) 2 (9* 2 ^fl a (a;2)) 2 ^^-) ' dy 



R 



/ (E( a ..^( f 0)V«,(^) 2 ^) 1/ V/(E^fe) 2 ( s -^^)) 2 ^w 1 ) 1/ 



Ri 1 ^ R2 



Let I Xl ,ti be the smallest dyadic interval such that x±,ti G I Xl ,ti an d let (h)k>o the 
family of dyadic intervals such that I xit ti C Ik with \I k \ — 2 k \I Xlttl \. Since Id^ipR^t^] < 
|-Ri| _2 0i?i(^i) and 1^2^2(^2)1 < \R2\^ 3 ^ 2 <pR 2 (h) with <pR i a bump function L°° adapted 
to a similar argument as before allow us to bound the first of the previous integrals 
by 



E / fE^^rVEtE^fWi 

V ( V 1 ^ V2 2 fc lJ I < V — 2 fe < 1 

Z^\A^ 2^\I x t f) 1 XiM ~ \i x . t .\2 2™ ~ \xi-ti\ 2 



k>0 j>k 1 1,11 1 fc>0 

while the second one is bounded by 



E/ t w (E^^) V VE (E^fWwi < ^ 



This way, 
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\d tl d X2 K(x,t)\ < ||6||bmo(rs) i 1 . , 2 , ~. 

\X\ — t\ \X2 — li 
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On the other hand, we also have 
Afc(/i ® f 2 ,9i ® 9i) = / fi(t 1 )g 1 (x 1 )^(b,ip R )(f 2 ,<PR 2 )(g2,i>R 2 )<PR 1 (t 1 )'il> Rl (x 1 )dt 1 dx 1 



R 



and we obtain the integral representation regardless disjointness of supports of the 
argument funtions. Moreover, 

R 

and we check the two properties of a WB-CZ condition: for all bump functions f 2 ,g 2 
which are L 2 -adapted to the same interval, 



|A^ litl (/ 2 ,y 2 )| < ||6||BMO(R2) ^2(f2:<PR 2 )(g2^R 2 )<PR 1 (tl)lpR 1 (^l)^R 



R 



As before, the i^-norm is equivalent to 

|£( 5^(/2, ¥>fla)(02, ^Ra^Ri (il)^i(^l)^) 



L 1 



/ (E^^)^^) 2 ^) 172 ^/ (E(/ 2 ,^ 2 ) 2 (, 2 ,^ 2 ) 2 ^) 17 V 



< 



Fi -*i 

< c||/2||l 2 (r)||^2||i,2 



M(f 2 )(y 2 )S(g 2 )(y 2 )dy 2 



1 <c, 1 



Fi — *i 



Fi — *i 



Finally, we need to prove the analog estimates for (A. Xi ti — A 2 , t , )(/2, g 2 ) which will be 
deduced from \d tl A 2 xutl (f 2 , g 2 )\ + \d xl A 2 xutl (f 2 , g 2 )\ < C\x x -t x \~ 2 . By symmetry, we 
work only with one of such terms: 

^iA 2 1)tl (/ 2 ,^2) = (b,^{f 2 ,<PR 2 )(g 2 ,'ipR 2 )d tl (pR 1 (t 1 )'ipR 1 (x 1 )'ipR 

R 

and therefore, as before, 

|&lAxi,ti(/2,02)| < ||6||bMO(R 2 ) ^2(f2,VR 2 )(g2,1pR 2 )d tl (p Rl (t 1 )'lpR 1 (x 1 )lpR 



R 



H 1 



being the if ^norm is equivalent to 

\\S ( E ^ 2 , <PR 2 ) {92 , 1pR 2 ) d t ! (fR! (t i ) ip Rl (Xi ) IpR 



R 
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/ (E(a k .m(«.))V*(*,) s ^) w *. / (EaW<».**> , ^) w "<fc 



Ri 11 R-2 

1 



< 



M(f 2 )(y 2 )S(g 2 )(y 2 )dy 2 < C, 



^ \Xi — ti\ 2 J \X\ — ti\ 2 

We end this lemma by noticing that despite we trivially have, 

A 6 (/,l<g><7 2 ) = Mf,9i®l) = 
the following two equalities 

A*(/i ® 1, gi ® = A&(1 ®f2,^® 92) = 

do not hold in general (as one can easily check in the particular case of b — b\ <S>b 2 ). We 
will deal with this issue when constructing the third type of paraproducts. Because of 
this, we prove now a property which we will later need, that is, that A b (ip Rl <8>1, ip Sl <8>-) G 
BMO(M) with norms uniformly bounded by ||o||bmo(r 2 )- F° r every ^ G we have 

M^fli <8> l,-05i <8> = ^2(b,ijj R/ )(ip Rl <g> l,^')^! ®ll>,lf>R>) 

R' 

and due to orthogonality = Si and previous expression equals 

Therefore, since (ip Rl ,(p Sl ) = |-Ri| -1 ^ 2 when Si C i?i and zero otherwise, we have 

^(^(8)1,^(8)^)1 = K^^SiJIKMsi®^)! 

- 1/2 H & llBMO(R3)ll^SillHi(R)ll^||gi(R) 

and since ■05 1 is an L 2 atom, we can bound by 
1 



||fr||BMO(M2)|£l| 1/2 ||^||ffi(K) < ||6||bMO(R2)||^||hi 



|i?i| 1/2 
proving the statement. 

We continue with the so-called mixed paraproduct, that is, the one associated with 
Ti(l). 

Lemma 8.3. (Mixed paraproducts). Given a function b in BMO(IR 2 ) ; there exists a 
bounded bilinear form A 2 such that 

(1) A 2 (l <8> ^1,^2 ® 1) = b, and A 2 (^i <8> 1, 1 <8) ifa) = /or every ^ G 5(R) mi/j 
mean zero 

(2) Al(l <g) 1, VO = Al(ip, 1 <8) 1) = for every ip G 5(1R 2 ) with mean zero 
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Proof. Using the same wavelet basis as in the previous lemma, we define 

^l(f,g) = ^2{b,il>R){f,<PRi ^^(g^Ri ® ( pr 2 ) 

R 

which in this proof we will just denote by A 6 . 
At least formally, A b satisfies 

A 6 (l<g>/ 2 ,0i® 1) = (b,f 2 ®9i) 
A 6 (l, g) = A b (f, 1) = A 6 (/! ® 1, 1 <g) g 2 ) = 

and 

A6(/i(8)l^) = A b (/,l(8) 52 ) = 
On the other hand, as before, we have that the equalities 

A 6 (1(8)/ 2 ^) = A 6 (/^ 1 <8)1) = 

do not hold in general. Also as before, we can prove that A&(1 ® ipR 2 ® 1, • ® ■^s'2) ^ 
BMO(R) with norms uniformly bounded by ||&||bmo(r 2 )- 

For the proof of their boundedness we proceed as before. 

Mf>g) = ^2(b,ipR)(f,tpRi ®^R 2 }(g^Ri ® ( pr 2 } 

R 



b,^2(f,tfiRi ®^R 2 )(g,^Ri ® VR 2 )4>R 



R 

and then, using the duality H\R 2 ) - BM0(1R 2 ) we have 

|A 6 (/,#)| < |H|bmo(m 2 )|| ^2{f,VRi ®^R 2 )(g^Ri ® Vr 2 )^r\\& 

R 

Just assuming the sum is finite, we get that ^2 R (f, fR 1 ^)ipR 2 ){g, ipR 1 <S»fR 2 )ipR € H 1 ^ 2 ) 
and then 

II ^2(f,(PRi^Ra)(9,^Ri^><Plb)^R\\m(S!>) ~ ^(^(J, fR 1 ®1pR 2 ){g, V'iii®^)^) lU 1 ^ 2 ) 
R R 

with implicit constants independent of the number of terms in the sum. Since 

S {^2(f^Ri ®*l>Ra){9,ll>Ri® ( PRa)ll>R) ( X ,V) 
R 

= Y.^^^^^ 2 ^R^^ft\ {x) m^ 

R I l| I 2| 



< ( sup y2(f,<p Rl ® ipR 2 } 2 XRi(x)Y§^(y)) ( Vsup^,^ ® ¥R 2 ) 2 77rAx)xR 2 (y) 

= M 1 S 2 (/) 2 (x,y)S 1 M 2 (s) 2 (:r,y) 
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where the given expressions are not a composition of operators but just notation. 
We first prove that those operators are bounded on L P (IR 2 ). We do so by applying 
Fefferman-Stein's inequality to SiMf by denoting g y (x) = g(x,y), we have 



£-pto.fc^^) 1/2 |L ( , 2) < |(£M«^«.» 2 gj) 

ill 2 11 Ri 1 



1/2 



Lp'(R 2 ) 



< 



1^1 1 



dy 

Lp'CM) 



= C([ \\S( 9y )\C (R) dy) W <C([ \\ 9y C m dy) W =C\\g\ 



Lp' 



The other operator is easier because of the pointwise inequality MiSj < SjMi. 
Then, we finally get 

R 

< \\(M 1 S 2 )(f)\\ 

To prove that this operators belong to the class of operators with a product Calderon- 
Zygmund kernel satisfying the WB-CZ condition, we apply the same reasoning as in 
the case of classical paraproducts. We do not write the details. 

Now we are going to construct the last class of paraproducts, the ones associated 
with the terms (T(l ® •), • <g) •). 

Lemma 8.4. (Third type of paraproducts). Let b = (&r 2 ,s 2 ) be a sequence of functions 
in BMO(R) ; parametrized by dyadic intervals R 2 , 5*2 in such way that 

(16) ' " 



min( i?2 


■ 


s 2 \) 


max( \R 2 




S2D 



II&^.&IIbMOQR) ~ 

Let also be a wavelet basis in L 2 (IR) such that every function ipi is a bump 

function supported in the dyadic interval I and adapted to I with constant C > 0. 
Then, there exists a bounded bilinear form Af such that 

(1) Af(l <g> 1, • <g> •) = Ag(- <g> ., 1 <g> 1) = Ag(- <g> 1, 1 (8) •) = Ag(l <g> •, • (8) 1) = 0, 

(2) A^l®^,-®^) = W a 

(3) Ag(- = A3(. <g> ., l <g> .) = Ag(- <g> • <g) 1) = 
Proof. We define 

A b(/,#) = $^( & i?2,5 2 ,^i? 1 )(/,^i ®^R 2 ){g^Ri ®^S 2 ) 

R2,S 2 Ri 

which we will just denote by A 6 . 
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At least formally, A& satisfies 

A 6 (l, g) = A b (f, 1) = A 6 (/i <g> 1, 1 ® </ 2 ) = A 6 (l ® / 2 , </i ® 1) = 

Aft(/i ® 1, #1 ® # 2 ) = A 6 (/i ® f 2 , 1 ® # 2 ) = A 6 (/i ® / 2 , #i ® 1) = 
being the proof trivial in all cases. It also trivially satisfies 

A 6 (l® ^,-0® V>s 2 ) = ^(b^^^R^i^^Ri) 

Ri 

= (bR 2 ,S 2 ,^2(^,^R 1 )^R 1 ) = (bR 2 ,S 2 ,^) 
Ri 

We prove now boundedness of A 6 . Notice that 

Mf,9) = E Y^R2,S 2 ^R 1 ){{f^R 2 )^R 1 ){{9^S 2 )^R 1 ) 
R 2 ,S 2 Ri 

= E \H hl ( bR 2,S2, (f,^R 2 )), (9,lf>S a ) 
R 2 ,S 2 

where rL,j( 6 ifa,&> (/' ^)) = T / R 1 i b R2,s 2 ^R 1 ){(f^R 2 ), ( PR 1 )^R 1 is a classical one- 
parameter paraproduct. 

Then, by boundedness of classical paraproducts and the property of &r 2) s 2 we have 

\Ab(f,9)\< Y \\ b R2,S 2 \\BMO(R)\\{f,*pR 2 }\\LP(R)\\{g^S 2 }\\ L P> m 
R 2 ,S 2 

As we have done several times before, we parametrize the terms accordingly with 
eccentricity and relative distances and rewrite previous expression as 

y, y \\ b R 2 ,S 2 \\BMO(R)\\(f,i J R 2 )\\LP(R)\\(g,^S 2 )\\LP'(R) 

where P 6jm is the set of pairs of dyadic intervals (R 2 , S 2 ) such that |i? 2 | = 2 e |S 2 | and 
71 ^ max?|£ 2 u£|) < " + 1. Notice that (R 2 , S 2 ) G P e , m if and only if (S 2 , P 2 ) G P_ e , m . 
Moreover, because of the hypothesis ( JT6|) we can bound previous display by 

c ^^ 2 -N(i /2+ ,) m -(i + ,) j2 IK/,^ 2 )IU,( K )||^^ 2 }|| LP ' W 

eGZmgN (fl 2 ,s 2 )eP e , m 

Now, we denote by K 2 the interval minimum, that is, such that K 2 = R 2 if |P 2 | < \S 2 \ 
and i^ 2 = S 2 otherwise. This way, the inner sum can be rewritten as 

E / \\(f^R2)\\LP(R)\\(g, ^s 2 )\\ L p' {r) XK ^ X ^ dx 2 
{R 2 ,S 2 )eP e , m R 2| 

(17) 

< / ( E ii</^>iiW)^f( E ii(^.)HL' W ^#) 

R (ife.Sa) e P e , m ' (R 2 ,S 2 )ePe, m 
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In order to build up the modified square functions, we denote by k,k' G Z the scale 
parameter k = max(e, 0), k' = — min(e, 0) and by n e Z the translation parameters 
n = m, n' = 1 if e > while n = 1, n' = m if e < 0. We show how to bound the first 
factor. By the choice of K 2 we have that \R 2 \, \S 2 \ > | K 2 |. If k > then if 2 = -R2 and 
there is nothing to show. So, we may assume k < and X 2 = £2 m which case 

S k ,n{f)M = { 2^ \3~\ XS{X2)) = [2^\\(f^R2)\\LP(R) 2^ \S I ) 

{R2,S 2 )eV Kn 

= ( E II </> ^> Ili-O^r) V2 = 2fc/2 ^n(/)(x 2 ) 
V fl 2 2 I^K 

where S 2 is the dyadic interval such that IS2I = IS2I and |S , 2|~ 1 diam(S , 2 US , 2) = n, while 

SoAf) = (J2 lia^)llW)^r) 1/2 

This implies that expression ( ITT]) is equal to 

As indicated in the remark 19.11 the vector-valued counterpart of the modified one- 
parameter square function also satisfies the analog boundedness result of Proposition 
17.31 Therefore, previous display can be bounded by 

C p 2l £ l/ 2 (log(n) + lyH'H/all^wOogCn') + lf P - ll \\g 2 \\ Lp/ {R) 
< C p 2 lel/2 n l p~ ll (n'y l p~ ll \\f 2 \\ LP(R) \\g 2 \\ LP , (R) 
= C p 2 |e|/2 m e| i~ 11 H/2 IUp(m) IM| L p' (r) 

since nn' = m. 



Then, putting everything back together, we have 

IM/,<7)| < C p ^^2-l e K 1 /^) m -(i^) 2 N/WlI- 1 l 



= C P^2 2 |e ' 5 E m ^II^II^WlMliP'CK) - 1 1 /2 1 1 iP(M) || 1| (R) 

egZ mGN 

as long as el - — 11 < 1 + 5. 

We prove now that this family of operators also belong to the class of operators for 
which the theory applies. The task will require a much finer analysis of the operator 
than in the case of the two previous paraproducts. We need to show that the operators 
satisfy the integral representation stated in Definition 12.21 with a kernel satisfying the 
Definition 12. II of a product Calderon-Zygmund kernel. Then we will also need to prove 
that the kernel satisfies the WB-CZ condition of Definition 12.81 However, due to the 
length of computations, will only show explicitly the kernel decay being analogous the 



A T(l) THEOREM ON PRODUCT SPACES 



59 



proof of the smoothness condition and the WB-CZ condition. Moreover, in order to 
simplify computations, from now we will assume that the wavelets basis used to define 
the bilinear form A b is actually the Haar basis. 
From 



= / f(t)g(x) Y ^2( b R2,s 2 ,fpR 1 ) l PR 1 (ti)^R 2 (t2)ipR 1 (x 1 )'ijjs 2 (x2)dtdx 

^ R 2 ,S 2 Ri 

we directly obtain the integral representation regardless disjointness of supports of the 
argument functions: 

K(x,t) = (Yl b R 2 ,s 2 ^R 2 (h)^s 2 (x2),^2^R 1 (ti)^ Rl (x 1 )^ RK 

R 2 ,S 2 Ri 

and we check the two properties of a product C-Z kernel. By duality, 



\K(x,t)\ < || Y b R 2 ,S 2 ^R 2 (t2)lpS 2 (x2) 
R 2 ,S 2 



BMO(I) 

As we have seen before, the if 1 (IR) norm is equivalent to 

< _ 



5^¥>fli(*i)^fli(zi)^fli 
Ri 



S {52<PRi(tl)lpRi (xi)lp Rl 
Ri 



\Xi - ti 



and therefore 



\K(x,t)\< 



\xi - h 



b R2,S 2 ^R 2 (t 2 )^S 2 (x2] 

R 2 ,S 2 



BMO(R) 



Let I X2 ,t 2 be the smallest dyadic interval such that £2,^2 £ Ix 2 ,t 2 , which satisfies 
l-^x 2> t 2 1 ~ 1 — *2 1 - Let also K2 be the interval maximum, that is, such that K2 = R2 if 
1 5*2 1 < I-R2I ( e > 0) and K 2 = S2 otherwise (e < 0). Then, we break the analysis into 
two different cases: when \K 2 \ > \x 2 — t 2 \ and when \K 2 \ < \x 2 —t 2 \. 



In the first case, we bound crudely 



Y b R 2 ,s 2 tpR 2 (t2)ips 2 (x2) 
R 2 ,S 2 



< 



BMO(R) 



Y W b R2,s 2 ||bmo(r) \^r 2 (h) I \ips 2 (x 2 ) I 



R 2 ,S 2 



Then, we use the properties \ipR 2 (t 2 )\ < \R 2 \ 1/2 XR 2 (h), \^s 2 {x 2 )\ < \S 2 \ 1/2 Xs 2 (x 2 ) 
and parametrize the sum by eccentricity and relative distance to get the bound 

(18) ^^2-N(V^)(i + m) -M £ j^XrMj^XsM 



eeZ men 



(R 2 ,S 2 )€Pe„ 



Since \K 2 \ > |-^x 2 ,<2 1 j we have I X2 ,t 2 C K 2 and R2 n S2 7^ which implies m < 2. 
In the case we are considering, this family can be parametrized by the size, \K 2 ^\ 
2 k \I X2M \ with k > 0. 
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Then, we bound f|T8|) by 

C 2 He|(1/2+<5) V 2 |e|/2 2~ fc 1 
^ ^ |a; 2 — 1 2 | 

= cy 2-wy2- k - l 1 , < c , 1 , 

In the second case, when |X 2 | < \x 2 — t 2 \, we use the fact that the sequence of 
functions &r 2i s 2 is generated through a bilinear form A. Actually, given a if) G iJ 1 (lR) 
we need to bound 

Y h R2,s 2 ^R 2 {h)^s 2 {x2)^ Ss j = Y { h R 2 ,S 2 ^)^R 2 {t 2 )^s 2 {x2) 

R2,S2<Zlx 2 .t2 R 2 ,S2<Zlx 2 ,t 2 

R 2 ,S 2 Clx 2 ,t 2 

= A(1® Y $B a (h)'*l>B a ,il> ® Y ^52(^2)^52) 

R 2 Clx 2 ,t 2 S 2 <Zlx 2 ,t 2 

From now, we assume that both sums run over finite families of dyadic intervals 
and we work to obtain bounds of the previous expression that are independent of 
the cardinality of the particular families of intervals. In this case, the functions F t2 = 
Y.R 2 cix 2 ,t 2 ^2(^2)^2 and G x 2 = Y.s 2 <zix 2 ,t 2 ^52(^2)^52 have disjoint support and mean 
zero. Then, by the integral representation of the bilinear form, we have that the inner 
term of previous expression equals 

F t2 (t / 2 )G a!a (x / 2 )A ll ,, t /(l J -0)^^ 

Let K be the support of ip and $ be a bump function L°°-adapted and supported in 
K. We denote ck = c(K). Then, previous expression can be decomposed into 



F t2 (t' 2 )G X2 (x 2 )A 44 ($, ij)dt' 2 dx' 2 

+ / F t2 (t' 2 )G X2 {x' 2 )K' 2 A (1 - ^ 4>)dt' 2 dx' 2 
Jm? 

We use the mean zero of G X2 to rewrite the first term in the following way 
F t2 (t' 2 )G X2 {x' 2 ){K x ,A<b^) - A X2A (®,i>))dt 2 dx' 2 



Now, we have \x 2 — 1 2 \ > 2\x 2 —x' 2 \. Then, since \K\- 1/2 <$> and \K\ 1/2 ip are L 2 -adapted 
to the same interval, by the WB, we can bound the previous expression by 



\FM)\\GM)\\(^M •-K 2 A)(\ K \~ 1/2 ^A K \ 1/2 ^)\dt'2dx' 2 



2 



\x 2 -t 2 \>2(\x 2 -x'\+\t 2 -t'\) 
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< 



\F t2 (t' 2 )\\G X2 (x' 2 [ 



\x 2 -t 2 \>2(\x2-x' 2 \ + \t2-t' 2 \) 



< \\FM\G. 



X2 || 1 ' 



\x 2 -h\ s 

x 2 -t 2 \ 1 + s 



= \\F t2 \\f 



1 



\x 2 - h 



Now, we compute the L l norm. We normalize and apply Khintchine's inequaltiy to 
obtain for any < p < 1, 



R2Clx 2 ,t 2 



dt 2 — \x 2 — t 2 



^ ^2(^)^2(4) 

R2Clx 2 ,t 2 

,JP dt 2 \Vp 



Ft - *2 



<\x 2 -h\C p [J\ ^ R ^ R ^\]£^) 

R2Clx 2 ,t2 

r 

k 2 -t 2 r- i/p ^(^ / E^(i 2 )^(4) 

fc < JR2,k\ R 2,k-l j =k 

fc<0 

h-'>i'-%(E|Es^ 



P \ i/p 



V 



fe < J R 2 ,k\R2,k-i 1 i=fc l^j 




El p 1 . \ Vp 



i/p 



< 



£2 



i/p 



fc<0 



F2 



-R2,fc\-R2,fe-l| ) 

2 fc ~ 1 |^ 2 - 1 2 |) 

t 2 \ 1/p - 1 = c p (^ k{1 - p) ) l ' P <c p 



k<0 



To deal with the second term, we notice that (1 — <&) <g> F t2 and ip ® G X2 have disjoint 
support and so we can use the integral representation 



/ 

JR 4 



(1 - m[)Ft2(t' 2 )^x[)G X2 (x' 2 )K(x',t')dt'dx' 
Now, because of the mean zero of both G X2 and ip we can rewrite the integral as 
/ {l-^){t[)F t2 {t' 2 )^{x[)G X2 {x'^ 

JR 4 

Notice that 2\x' x — ck\ < 2|fT| < \x[ — t[\ and 2\x 2 — x 2 \ < \x 2 — t 2 \. Then, by the 
property of product C-Z kernel, we can bound by 



/ 

Jr 4 



< 



\x[ - c K 


5 


\x' 2 — x 2 


s 


\x[ t[ 


1+5 


x 2 - t 2 


1+6 



1 



\x 2 - t 2 



■n^iiiii^iiiiKi 5 / m< 



It,' +/ 11+5 

:E ' 1 -t' 1 |>|x| Fi - til 



dt'dx' 



dt ^ dx ^ 
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no 



<C, 1 



F2 - ^| 

which ends the proof of the decay of a Calderon-Zygmund kernel. 



To apply the just constructed operators to the problem of reduction to the special 
cancellation we first need to prove the following lemma. The computations in the 
proof are very similar to the work we did on proving that the kernel of the third class 
of paraproducts are standard Calderon-Zygmund kernels, but with a different outcome. 

Lemma 8.5. Let A be a bilinear Calderon-Zygmund form with associated kernel K 
and satisfying the mixed WB-CZ conditions. 

We also assume that A satisfies the weak boundedness condition and the cancellation 
conditions: 

(TC^/^l),^/®-), (TCltS)^/), -cg)^/), (T*(0 7 (8>l),^ 7 c8)->, (T*(1<S>0 7 ), -cg)^/) e BMO(R) 

for all (pi, ip i bump functions adapted to I with norms uniformly bounded in I. 
Then, 

(T(fa®l),il>j®-), (T(l®fa), -<8>Vj), (T*{fa®l),ipj®-), (T*(l® </>/), GBMO(l) 

for all (pi, ipj bump functions adapted to I and J respectively such that the function 
associated with the interval of smallest length has mean zero. Moreover, the norms 
satisfy 

1A . ... . /min(|J|,|J|)\ 1/2+5 /diam(JU J)\-M 

II CT(#, 91),*, 9 ) IIbmocr) < { m ^ ] \J( ) ) ( max( | JUJ |) ) 

Proof. We assume that (pi and ipj are supported in / and J respectively. The general 
case needs some extra decomposition of the argument functions involved in the same 
way we did in the proof of the bump Lemma [2, but we will not give the full details 
here. We assume that \J\ < |/| and so that ipj has mean zero. 

If |/| _1 diam(/U J) < 2 then <pi and i/jj are both adapted to I with the same constant 
and thus, by hypothesis (WB <g) T(l)) 



|A(1 ® fa J ® <C\\f\\ 



H 1 



for any atom /. 

If |/| _1 diam(J U J) > 2, we reason as follows. Let / be an atom supported in K. 
Since (pi and ipj have disjoint support, we have the following integral representation 



A(l (8) fa, f (8) ipj) = / fa{t 2 )ipj{x 2 )A X2jt2 (l, f)dt 2 dx 2 
Jr 2 
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Now, let $ a bump function L°°-adapted and supported in K. We denote cj = c( J) 
and c K = c(K). Then, 

A(l <g> fa, / <g> Vj) = / 0/(t 2 )^j(a;2)A ;C2 ,t 2 ($, /)^2^2 

JR 2 



+ / (f)i(t 2 )^j(x2)A X2 ,t 2 (l - f)dt 2 dx 2 
Jr 2 

We use the mean zero of ?/>j to rewrite the first term in the following way 

0/(t 2 )^j(^2)(A X2 , t2 ($, /) - A Cjit2 ($, f))dt 2 dx 2 



f 

Jr 2 



Now, we have \x 2 — t 2 \ > diam(J U J) > 2\I\ > 2\J\ > 2\x 2 — cj\. Then, since 
|7^|- 1 / 2 <|) a nd \K\ l / 2 f are L 2 -adapted to the same interval, by the WB, we can bound 
the previous expression by 

/ |0/(i 2 )||^2)||(A :C2)t2 - k Cj , t2 )(\K\- l / 2 <$>, \K\ X ' 2 'f)\dt 2 dx 2 

J \x 2 -t 2 \>dia,-m(IUJ) 

^ / \(f>i(t 2 )\i/jj(x 2 )\ X2 °- J dt 2 dx 2 

J\x 2 -t 2 \>dia,m(I,J) F2 - t 2 \ T 

< ||0/||i||^j||i|J| 5 diam(/U J)-^ < l/l^lJl^Vl^iam^U J)-^ 

|J|\ 1/2+5 



(^j) (l/l-Miam^U J))^ 1+5 ) 



To deal with the second term, we notice that <pj <8> (1 — 3>) and ipj ® f have disjoint 
support and so we can use the integral representation 



1 - ^)(t 1 )f(x 1 )(f) I (t2)Mx2)K(x,t)dtdx 

Now, because of the mean zero of both and / we can rewrite the integral as 

/ (l-^)(t 1 )f(x 1 )(f )I (t2)Mx2)(K(x, t)-K((c K , x 2 ),t)-K(( Xl , Cj ),t)+K({c K , Cj ),t))dtdx 

Notice that 2\x x — c K \ < 2\K\ < \xi — ti\ and 2\x 2 — c,j\ < \x 2 — t 2 \. Then, by the 
property of product C-Z kernel, we can bound by 

I |(1 - mi)\\f(xi)\\Mt2)\\M*2)\ ' Xl ~ C f +5 ~ C f +s dtdx 
7r4 \Xi — ii| \x 2 — i 2 \ 

< |J| 5 diam(/U J)-^\\MiWh\K\ 5 [ |/(xi)| / , 1 -—gdt 1 dx 1 

Jr J\ xl -t!\>\K\ Fi _ f i| 

^IJlMiamauj)-^)!/! 1 / 2 !/! 172 ^! 5 !!/!!!^ 
= (Hly /2+5 (|/|-i diam (/u j))-( 1+<5 )| 



which ends the proof of this lemma. 
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Corollary 8.6. Let ipi and ipj bump functions L 2 adapted to I and J respectively with 
constant C and mean zero. Then, for any f atom, 

1/2+5 /diam(7u 



Proof. By duality and previous Lemma 

| A(l = I ®fa),f® 0j> | 

< ||(T(0/ g) <8 •) 1 1 BMOCR) II /II ff 1 (R) 

/min(|J|, |J|)\V2+<5/diam(JU J)\-(!+ 5 ) 
- \max(|J|,|J|)J lmax(|/|, [jj) 



i 1 ( 



Once previous lemma is proven, we proceed as follows. We first consider the functions 
defined by 

(6i,V> = A(l (8)1,-0) (62,V>=A(V»,1<8)1) 
(6 3 , V) = A(^i ® 1, 1 ® 2 ) (64, ^> = A (! ® ^2, 0i ® 1) 

for every -0 G <S(R 2 ) of mean zero. By hypothesis, all of them are functions in BMO(IR 2 ) 
and so we can construct the bounded paraproducts A^, K\ 2 and A 2 ^, A 2 ^. We also 

denote A li2>3i 4 = J2 i= i,2 A l + Ei= 3 ,4 A v 

Moreover, in the remark int the proofs of lemmata 18.21 and 18.31 we showed that 
the functions A^^ip^ <g> l,ipSi <8 •) are uniformly in BMO(R). Then, we consider the 
sequences of functions in BMO(R), b, = (b) j)i,j, for i — 5,6, 7, 8, defined by 

( & ksi'^> = ( A ~ A W,MRi ® 1,05! ®V0 
(b% 2 ,S 2 ,^) = (A-Al,2,3,4)(l«)0il 2 ,0®05 2 ) 
( b R u Sv^) = ( A - A 1,2,3 ) 4)(^ 1 ®0,^S 1 «)1) 

( & ks 2 ,0> = (A - A 1)W )(V> ® 1 ® ^s 2 ) 
for every -0 G <S(R) of mean zero. Then, we construct the paraproducts A b for i = 
5,6,7,8. 

We first notice that, previous equalities imply that for any f^,Q2 £ «S(R), we also 
have A bi (l <g> f 2 , <8 #2) = A(l <8 ^2, ® #2) as we see: since ("0/)/ is a basis, we have 

A bi (l <8 h, V> ® </a) = ^{h,^R 2 ){g2, 0s 2 )A bi (l <8> 0r 2 , <8> 0s 2 ) 

fl 2 ,s 2 

= J3 ^)(#2, V'Sa) ( & k,5 2 > 0) = ^2) (^2, fe) (A - A 1)2 ,3,4)(l ® ^2, V ® £2) 

R 2 ,S 2 i? 2 ,5 2 

= A(l®/ 2 ,0®^ 2 ) - ^^(lO/a,^®^)- 2 ^(l® / a , ^® p 2 ) 

i=l,2 i=3,4 

Moreover, because of Lemma we have that the crucial hypothesis ( fT5"j) of Lemma 
18.41 is satisfied and then, the constructed paraproducts A bi are bounded. 
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Finally then, we define the bilinear form 

a = a-£a;,-£a*- £ Al 

1=1,2 i=3,4 i=5,6,7,8 

which clearly satisfies all the required cancellation conditions 

A(l g> 1, -0) = A(^, 1®1) = A(V>i ® 1, 1 ® ifa) = A(l <8> ^2, ^1 ® 1) = 
and also 

A(/i ® 1, & (8) VO = A(l ® / 2 , V ® #2) = A(V> ® / 2> 1 ® £2) = A(/i g> V, #1 ® 1) = 



With the three previous lemmata and the other five symmetrical statements which 
come from all the possible permutations of the argument functions, we can finally prove 
boundedness of product singular integrals in the general case and finish the proof of 
Theorem 12.91 and also of Theorem 17.41 in this way. 



□ 

9. Appendix 

In the proof of the extension to L p spaces (see theorem 17.4ft . we used a bi-parameter 
modified square function whose boundedness properties are a direct consequence of 
their uni-parameter counterparts. Now, in this appendix, we prove boundedness of 
such uni-parameter modified square functions. 

Definition 9.1. Given k £ Z ; n £ N, we consider the following operator 

su/)(*) = (E E tjt^w) 1 ' 2 

1 Jei k , n ' ' 

where Ik, n is the family of dyadic intervals J satisfying \I\ = 2 k \J\ andn < ^^^rj^) < 
n + 1. 

We will prove bounds of such operators by means of the following modified square 
functions: 

Definition 9.2. Given k £ Z, n £ N, we consider the following variant of square 
function 

Sk, n (f)( x ) = ( jj| Xj(x) ) 

where I and J are two dyadic intervals satisfying \I\ = 2 k \ J\ andn < ^^^rjwj < n+1, 
chosen in such a way that for every interval I there is a unique interval J £ Ik n . 
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This way we actually define a family of operators that depends on the particular 
choice of intervals but whose bounds do not depend on such choice, as we will soon 
prove. Notice that the particular choice does not depend on the point x. 

We see now the the reason why this modified square function helps to control bound- 
edness of the previous ones. Fixed a dyadic interval J, we denote Ik, n the family of 
dyadic intervals J such that |/| = 2 k \J\ and n < max(|J|, |J|) _1 diam(7 U J) < n + 1. 
We also denote by / the dyadic interval such that |/| = |/| and |/| _1 diam(J U I) — n. 
Then, for all k > 



SU/)W = (£ E nTT^M)" 2 



(E</.w 2 E 2 ^) 1/2 -(E</■^|^) 1,2 



= 2 k ^S M)(x)=2 k/2 S ,n(f)(x) 

Meanwhile, when k < we have 

^(/(W-fEE^^w) 1 ' 2 

i Jei k , n 1 1 

= (E( E </w,> 2 )^) 1/2 <(E 2 -^/.fe> 2 T7r) 1/2 = 2 - l/! ^.(/)w 

where the interval Ij is chosen such that |(/, ipij)\ = maxj e j_ kn \ (f,ipj)\ 
Proposition 9.3. For every 1 < p < oo, we have that if k > 

\\S k , n f\\ P < C p (2^ si ^f- 1 )log(n) + lfr- ll \\f\\ p 

while if k < 

\\S k , n f\\ p < C p (2~ ksi ^l-V + log(n) + ijli-illl/ll, 
with constants C p independent of f , k and n. 
Corollary 9.4. For every 1 < p < oo, we have that if k > 

ll^/n^^aogH + i) 1 !- 1 !!!/!!, 

while if k < 

\\S k , n f\\ p < C p 2- k /\2- ksi ^l^ + log(n) + lf^\\f\\ p 
with constants C p independent of f, k and n. 
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Remark 9.1. Before starting with the proof, we notice that a careful read of it reveals 
that, by means of vector-valued interpolation, the result also holds for vector-valued mod- 
ified square function with values in a Banach space X with the UMD property of the 
form 

C.(/)W = (£^px,w) 1/2 

for which every 1 < p < oo, we have that if k > 

\\S k , n f\\L H x) < C p ,x(2- fesign( I- 1) log(n) + l) l l- ll \\f\\ LP{x) 

while if k < 

\\S k , n f\\ LP{x) < C PtX (2~ ksi ^l-V + log(n) + lf?- 1] \\f\\ LP{x) 
Then, in particular for X = L P (IR) we get for k > 

\\S k , n f\\LP^) < C p (2- fcsisn( i- 1) log(n) + IJ'H'II/IIxp 

while if k < 

\\S k , n f\\ LPm < C p (2~ ksi ^hV + log(n) + ijlMll/l^ 

The estimate for p = 2 is a trivial consequence of Plancherel's inequality. To extend 
the result to other exponents p we plan to use interpolation and duality. So, we first 
prove the following weak L 1 type estimate whose proof comes from a slight modification 
of the one appearing in 



Proposition 9.5. If f is integrable and A > 0, then we have 

\\{x : S k , n f(x) > X}\\ < C(2- k n + l^/UiA" 1 
with a constant C independent of f and A. 

Proof. Consider the collection X of maximal dyadic intervals / with respect to set 
inclusion such that 

I^T 1 J\f(x)\dx > A 

Let E be the union of all / G X, the set that contains all intervals where / has large 
average. The intervals in X are pairwise disjoint and so 

i^i<Ei j i^ a_1 E / \m\dx < mux- 1 

lex lex " 1 

We take a classical Calderon-Zymund decomposition / = g + b given by 

I I 

with mj(/) = fj f and fj = (/ - mj(f))xi- 

We see that g is essentially bounded by 2A. Outside E, this follows by Lebesgue's 
differentiation theorem. To prove this inside E, it suffices to consider each interval 
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/ G X separately. Let I be such an interval and I its parent interval. Then by 
maximality of I we have 

Jj{x)dx < J\f\dx < J\f\dx < = 2A|/| 

Moreover it is also clear that 

/m</i/i 

Because of the L 2 boundedness of S k}U we have 

\\S k , n g\\l<C\\g\\\<C J IslAtfa; < CAH/Hx 

and so 

{S k>n g > A/2} < C||^|| 2 A- 2 < CWfhX- 1 

We plan to prove the same estimate for b = fi- To do so, we define E as the 
union of all 3/ with I G X. We also define F as the union of all J such that the 
corresponding I satisfies I C I' for some /' 6 I and F as the union of all 3J with 
J C F. Then, 

\{S k , n b > A/2}| < |F| + X-'WS^MIl^P) 

Now we measure F by means of a geometric argument that distinguishes between 
large and small scales. Since |F| < 3|F| and 

F = (J U{ J : / C /'} 

/' ex 

we fix now /' G X. 

We also separate between k > and k < since the separation in scales is slightly 
different. We first assume k > for which we separate into two different scales: smaller 
and larger than log(n). 

The family of dyadic intervals I G I' such that \I\ = 2~ r \I'\ with < r < log(n) has 
the property that the corresponding intervals J satisfy 

diam(/' U J) < diam(7 U J) > n\I\ = n2- r \I'\ > |/'| 

and so the intervals J are disjoint with /'. Moreover, their union measures at most 
2~ k \I'\ as we see: the intervals J are pairwise disjoint and so for every < r < log(n) 
we have 

\\J{J : I C l',\I\ = 2- r \l'\}\= \J\=2~ k l J l =2 ~ fc | J 'l 

J : I C I' 7:/C/' 
|7| =2"'-|7'| |7| = 2-''|7'| 

Then 

log(n) 

| U U{ J:/c/, 'l J l = 2 ' r |^l}l<2- fc log(n)|/'| 

r=0 
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On the other hand for smaller scales, that is, intervals I C I' such that |/| = 2 r \I'\ 
with r > log(n), we have that the corresponding intervals J satisfy 

diam(J'UJ) < \I'\/2 + \c(I')-c(J)\ + \J\/2 < \I'\/2+\c(I')-c(I)\ + \c(I)-c(J)\ + \J\/2 

< + diam(7 U J) < |/'| + (n + 1)|/| < |/'| + 2n2~ r \I'\ < 3|/'| 
Then the intervals J are included in 31' and so 

| |J \J{J:ICl',\I\ = 2- r \I'\}\<C\I>\ 

r>log(n) 

Both things show that 

| U {J : / C I'}\ < C(2- fc log(n) + 

and therefore 

1*1 <3^|U{J:/C/'}| 

rex 

< C(2- k \og(n) + \ r \ < C(2- k \og(n) + l^/HiA" 1 

When /c < 0, the computations are similar but we separate into three different scales: 
smaller than —k, between —k and —k + log(n), and larger than —k + log(n). 

The subfamily of dyadic intervals I C I' such that |/| = 2~ r \I'\ with < r < — k 
has the property that the corresponding intervals J satisfy 

diam(/' U J) > diam(7 U J) > n\J\ = n2~ fc |/| = n2~ k - r \I'\ > \I'\ 

and so they are disjoint with Moreover, their union measures at most 2~ k \I'\2~ r 
as we see: for all intervals / considered, their corresponding intervals J satisfy \J\ = 
2~ k ~ r \I'\ > \I'\ and so there is a unique interval J corresponding with the different I. 
This way for every < r < — k we have 

| \J{J : / C /', |/| = 2- r |/'|}| < \ J\ = 2 _fc |/| = 2- k ~ r \l'\ 
and then summing a geometric series we have 

-k 

| |J \J{J : I C |/| = 2- r |/'|}| < C2- k \I'\ 

r=0 

On the other hand, the subfamily of dyadic intervals I G I' such that |/| = 2 _r |/ / | 
with —k < r < — k + \og(n) has the property that the corresponding intervals J satisfy 
diam(J U J) > n2~ k ~ r \r\ > \I'\ and so they are still disjoint with Moreover, their 
union measures at most |/'| as we see: now |J| = 2~ k ~~ r \I'\ < \I'\ and on varying / 
there are J\ = 2~ k ~ r different disjoint intervals J whose union measures exactly 
|/'|. Then for every —k < r < k + log(n) we have 

\\J{J : I C l',\I\=2- r \l'\}\ < \I'\ 
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For different r, the intervals J are contained in a different translation of /'. Then the 
intervals J are pairwise disjoint and so 

— fc+log(n) 

| |J U{ J:/c/ M J i = 2 " r i J, i}i^ lo gwi/i 



r=—k 



Finally, for smaller scales, that is, intervals I C I' such that |/| = 2 r \I'\ with 
r > —k + log(n), we have that the corresponding intervals J satisfy 

diam(J' U J) < |/'| + diam(7 U J) < (n + 1)| J\ < \I'\ + 2n2- k - r \I'\ < 3\I'\ 

and so they are included in 31' and so 

i u \j{j:ici',\i\ = 2- r \i'\}\<c\r\ 

r> — fc+log(n) 

The three bounds together show that 

| U {J : / C J'}| < C(X k + log(n) + 



and so 



|F|<3^|U{J:/C/'}| 

Pel 

< C(2- k + log(n) + < C ( 2 ' k + lo sH + Will* -1 



lex 



The following step of the proof is to show 

\\S k , n b\\ W) <C2- k / 2 \\f\\ 1 
and, by sub-linearity, it suffices to prove 

\\Sk,nfi'\\Li(M\F) — C2 fc / 2 A|/'| 
for each I' G X. This in turn follows from 



J 







^ 1/2 


< 




1 



/ ,, I Tl 1 /9 A J 



|J|V2 



< E i(//'^/)ii^ 1/2 < 2- k i 2 Y,\(fr^i)\\i\ 1/2 

J<£F 1<£E 

< C2- k/2 \\f I ,\\ 1 < C2- k/2 X\I'\ 

where we have used that J (jL F implies by definition of F that the corresponding 
interval / satisfies I (jL E. Moreover, the last inequality follows from lemma I9l6l below. 
Finally then, 

\{S k>n b > A/2}| < C{2- k n + iWhX- 1 + C2- k ' 2 \\f\\ l \- 1 
which ends the proof since 2~ fc / 2 < 2~ k + \og{n) + 1 < 2~ k \og{n) + 1 for all k 6 Z and 



A T(l) THEOREM ON PRODUCT SPACES 71 

The following lemma is the technical result needed to prove proposition 19.51 For the 
sake of completeness we include its proof although is exactly the same one that can be 
found in 130 1. 



Lemma 9.6. Let I' be some interval and f be an integrable function supported in I' 
with mean zero. For each dyadic interval I let <pj be a bump function adapted to I. 
Then 

£ k/» <t>i)\\i\ 1/2 < c\\f\\i 

Here 31' denotes the interval that shares the center with I' and is of length 3\I'\. 

Proof. We first consider the sum over all dyadic intervals / such that / (jL 31' with 
|/| < Let c be the midpoint between c(J) and c(I'). By symmetry we may assume 
that supp/ C (— oo,c) and then, 

|(/>0/)l < ll/IU i (-°°>e)H0i'IU oo (-t»,c) + II/IU^cc.^II^/IUhc.oo) 

<ll / l, lG | rl / 2 ( 1 + M£)^)- K 

which gives 

|(/,^>||/| 1 / 2 <c||/|| 1 (i+ |c(/) ~ c(//) 

For any two integers k > and m > there are at most two intervals / such that 
|/'|/|/| = 2 k and the integer part of 1 + l c ( J )~j : ( J u [ s m \{ m < 2 k , there are no such 
intervals which satisfy I (~t 31'. Thus we can estimate 

£ \<f>fr)\\i\ 1/a < emu EE m "^ c \\f\\i 

I : \I\ < \I'\ k>0 m>2 k 

I £ 31' 

We now consider the sum over all dyadic I with I (jL 31' and |/| > |/'|. Let D denote 
the operator of differentiation and D~ l the antiderivative operator 



-N 



D- l f\x) = [ X f(y)dy 

J — oo 



Notice that because of the mean zero of /, the support of D~ l f is also included in V . 
Then, by partial integration and the fact that \I\D<\>i is a bump function adapted to 
/, we have 

\(f, ( f> I )\ = \I\- l \(D- 1 f, {IlD^l 

< (||-D _1 /||i i (-t»,c)ll|J r l^j|U«'(-oo,c) + ll-D^VlU^cc.cx.)!!!^!-^^/!^ 1 ^,^)) 

< |i|-||j>-/||,o|/|-^(i+ |c(i) - 6(701 

Now, from ||£> _1 /||i < U'Wlfh we obtain 

\{fM\\i\ 1/a < cun^i 1 + |c(/) m c(//) lv ' Af 
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For any two integers k > and m > 0, there are at most two intervals such that 



\I\/\I'\ = 2 k and the integer part of 1 + ^ ^ is m. Thus we can estimate 



E K/^>H'l 1/2 < cn/ikEE 2 ^ 1 ^ ^ c'll/lli 

/:|/|>|/'| fe>0m>l 

ending the proof of this lemma. 

Once the weak L l type inequality is proved, by interpolation we obtain for 1 < p < 2 

\\SkM)\\p<c P (2- k n + i);- 1 \\f\\ p 

In order to obtain boundedness for the remaining exponents 2 < p < oo we consider 
the following martingale operator 

j 

where / and J are given by the same relationship that in the definition of Sk, n - This 
operator trivially satisfies Tj* n (f) = TL fci „(/). Actually, the implicit index j does not 
change and so we may also write T£ n j(f) = T_ ktn j(f). Moreover, we have that the 
classical square function of T kjTl (f) coincides with Sk, n (f)'- 

s(T ktn (f))(x) = ( 2^ — iji — xj( x ) ) = (2^ \j\ w) ) = S k,nU)( x ) 

J ' ' I 1 ' 

So, by properties of classical square function and the previous case with 1 < p' < 2, 
we have 

H'S'fc.nlUp^LP — || S(Tk t n) || LP^LP ~ || Tk;n || Lp^Lp 
= \\Tk,n\\Lp' ^Lp' = ll^-fc,n|Lp'^Lp' ~ II 'S'-fc.n 1 1 Lp' -+Lp' 

< C p/ {2 k log(ra) + = C p (2 fe log(n) + l) 1 !" 11 

or 

H'S'fc.nllLP-^LP ~ \\S-k,n\\LP'->LP' 

< C p ,(2 k + log(n) + = C p (2 fe + log(ra) + l) 1 !" 11 

This ends the proof. 
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